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FOREWORD 


The  motivation  for  this  effort,  begun  in  1970,  was  the  inadequacy 
of  the  available  descriptions  of  coherent  receiver  performance  in  very 
low  frequency  (VLF)  and  low  frequency  (LF)  atmospheric  noise.  Extensive 
on-air  testing  of  coherent  VLF/LF  communication  systems  clearly  showed 
that  their  real-world  performance  was  far  different  from  that  calculated 
for  and  measured  in  white  Gaussian  noise.  Moreover,  modulator-demodulator 
(modem)  systems  designed  to  be  optimum  in  Gaussian  noise  are  not 
necessarily  optimum  in  atmospheric  noise.  Hence,  a quantitatively 
accurate  characterization  of  coherent  detection  in  VLF/LF  atmospheric 
noise  would  provide  the  capability  of  accurately  assessing  system 
performance  and  a basis  for  developing  optimum  real-world  modem  and 
receiver  systems. 

The  author  is  greatly  indebted  to  Dr.  Donald  Weiner  of  Syracuse 
University  for  his  encouragement  and  conscientious,  constructive  counsel 
throughout  this  effort,  and  is  especially  appreciative  of  his  suggestions 
and  guidance  in  develo,:ing  usable  simplifying  assumptions  and  approxima- 
tions which  helped  make  the  analyses  tractable. 


Also  of  great  value  were  the  constructive  criticisms  of  the 
evolving  study  provided  by  Alfred  D.  Paoni,  David  A.  Kocyba,  and 
Stanley  J.  Kraszewski;  and  the  computer  data  ha>'dling  assistance 
provided  by  Captaix  William  A.  Acree,  Wayne  Bonser,  and  Eugene  Jakubowski. 

This  report  has  been  reviewed  by  the  Office  of  Information  (01),  RADC, 
and  approved  for  release  to  the  National  Technical  Information  Service  (NTIS). 
At  NTIS  it  will  be  available  to  the  general  public,  including  foreign  nations. 
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ABSTRACT 


This  report  Is  concerned  with  the  performance  analysis  of 
coherent  modems  In  atmospheric  noise.  Specifically,  Phase  Shift  Keying 
(PSK,  biphase).  Coherent  Frequency  Shift  Keying  (CFSK),  and  Minimum 
Shift  Keying  (MSK)  modems  are  described  and  analyzed  for  error  rate 
performance  In  the  non-6auss1an.  Impulsive,  atmospher'’c  noise  typical 
of  a very  low  frequency  (VLF)  radio  communication  channel.  The 
analyses  Include  both  linear  and  non>l Inear  (band>pass,  hard-limiting) 
pre-detection  signal  processing.  In  each  case  experimentally  derived 
error  rate  performance  data  Is  presented  which  shows  close  agreement 
with  the  computational  results  of  the  analyses. 

The  first  part  of  the  analysis  Is  a survey  of  atmospheric  noise 
representations.  This  Includes  descriptions  of  the  power-RayleIgh 
first  order  statistical  model  used  In  the  linear  and  pseudo-linear 
(large  bandwidth  ratio,  hard-limiting  receiver)  analyses  and  the 
filtered  Poisson  Impulse  process  used  In  the  analyses  of  small  band- 
width ratio,  hard-limiting  receivers.  Following  a complete  description 
of  the  modulation  and  demodulation  processes  for  the  three  systems,  a 
numerical  pro'-*durs  1s  developed  for  evaluating  linear-system  error 
probabilities.  Next,  the  Pulse  Statistical  Analysis  (PSA)  technique 
(employing  a filtered  Poisson  impulse  process  with  monotcnically  related, 
power-RayleIgh  distributed  pulse  amplitudes)  Is  developed  and  shown  to 
be  quantitatively  valid  for  hard-limiting  recc’^ers  where  the  bandwidth 
ratio  (ratio  of  limiter  bandv/ldth  to  detection  bandwidth)  Is  less  than  8. 


Finally,  the  Impulsive  Noise  Subtraction  (INS)  technique  1s  developed 
In  which  enhancement  of  signal -to-nolse  ratios  by  hii d-1 Imiting  Is 
calculated  and  the  residual  (post-limiting)  noise  statistics  are 
obtained  by  "best-fit"  numerical  convolution  techniques.  Employment 
of  these  residual  signal  and  noise  statistics  In  linear  performance 
analyses  Is  shown  to  yield  quantitatively  accurate  error  rate 
performance  data  for  a bandwidth  ratio  (BWR)  In  the  range 
12  < BWR  < 37.55. 


TABLE  OF  CONTENTS 


TABLE  OF  CONTENTS 
LIST  OF  ILLUSTRATIONS 
LIST  OF  TABLES 
LIST  OF  ABBREVIATIONS 


Chapter  1 

INTRODUCTION 

Sec  1.0 

General 

1.1 

Object  of  the  Investiqatlon 

1.2 

The  Report 

1.3 

Siqnificance  of  the  Analyses 

1.4 

Backqround 

1.4.1 

Analysis  by  Beach  and  Georqe 

1.4.2 

flodem  Perfort»»»nce  in  VLF  Atmospheric 
?’oi«e  by  Omura  and  Shaft 

1.4.3 

CFSK  Performance  Estimates  by  Linfield 
and  Beach  and  Hartley 

1.4.4 

Analysis  of  PSK  Performance  by  Sisco 

1.4.5 

PSK  and  OPSK  Performance  in  Impulsive 
Noise  by  Bello  and  Esoosito 

1.4.6 

Matched  Filter  Performance  in  Non-Gaussian 
Noise  by  Lindenlaub  and  Chen 

1.4.7 

Experimental  Data  by  Mallinckrodt 

1.4.8 

Summary 

1.5 

Orqanizatioii 

V 

xiii 

xvii 

xviii 

1 

1 

3 

) 

5 

6 
9 

10 

13 

14 

15 

16 

17 

18 
18 


Chapter  2 ATMOSPHERIC  NOISE  - DESCRIPTION  AND  MODELS  23 

Sec  2.0  i.itroductlon  23 

2.1  Atmospheric  Noise  Representations  23 

2.2  Noise  Models  25 

2.2.1  Empirical  Description  of  the  Atmospheric  26 

Noise  Arc  by  Crichlow,  et  al 

2.2.2  Log  -Normal  APD  .cription  by  Peckmann  31 

2.2.3  Noise  Model  of  Be;ch  and  George  34 

2.2.4  Poisson  and  Poisson-Poisson  Noise  Model  of  36 

Furutsu  and  Ishida 

2.2.5  Amplitude  Distributions  of  VLF  Noise  by  36 

Janis  Galejs 

2.2.6  Modeling  of  Atmospheric  Noise  by  Giordano  40 

2.2.7  Multi  pi  icative  Noise  Model  by  Hall  41 

2.2.8  Noise  Model  Summary  42 

2.3  Noise  Model  for  Coherent  Modem  Analysis  43 

2.3.1  Linear  and  Pseudo-Linear  (Large  BWR,  44 

Hard-Limiting)  Receiver 

2.3.2  Hard-Limiting,  Small  BWR  Receiver  49 

Chapter  3 COHERENT  MODULATION  - DEMODULATION  (MODEM  62 

StSTEMS  for  very  low  frequency  (VLF)  AND 

LOW  frequency  (lf)  radio  communication 

Sec  3.1  General  62 

3.2  Coherent  Phase  Shift  Keying  (PSK)  Modem  66 


73 


3.3 

3.3.1 

3.3.2 

3. 3. 2.1 

3. 3. 2. 2 
3. 3. 2. 2. 
3. 3. 2. 2. 

3.4 

3.4.1 

3.4.2 
Chapter  4 

Sec  4.0 

4.1 

4.1.1 

4.1.2 


Coherent  Frequency  Shift  Keying 
(CFSK,  M « 1 ) Modem 

CFSK  Post-Detection  Signal -to-Noise  Ratio 
Relationship  of  CFSK  Post-Detection  Noise 
to  PSK  Post-Detection  Noise 
Equivalent  Noise  Bandwidths  of  PSK  and 
CFSK  Detectors 

Numerical  Estimation  of  the  Statistics 
of  CFSK  Post-Detection  Noise 

1 Partition  of  the  PSK  Detector  Noise  Functional 
into  Statistically  Independent  Voltages 

2 Synthesis  of  the  CFSK  Detector  Noise 
Functional 

Minimum  Shift  Keying  (MSK)  Modem 
MSK  Modulation 
MSK  Detection 

PERFORMANCE  OF  I.INEAR  COHERENT  VLF/LF 
RECEIVERS  IN  ATMOSPHERIC  NOISE 
Introduction 

Development  of  Numerical  Procedures  for 
Eva: eating  Error  Probabilities 
Performance  of  the  ’inear  PSK  Receiver  in 
Atmospheric  Noise 

Performance  of  the  Linear  CFSK,  M = 1 
Receiver  In  Atmospheric  Noise 


79 


83 


33 

86 

86 

92 

96 

96 

100 

107 

107 

loe 

109 

118 


I 

I 


I 


1 

''•I 


f 


\ 


vii 


<1 


sk 


Performance  of  the  Linear  MSK  Receiver 

In  Atmospheric  Noise 

Validation  of  the  Theoretical  Analysis 

Convergence  and  Comparison  in  Gaussian  Noise 

Atmosp'.cric  Noise  Performance 

Linear  PSK  Detection 

Linear  CFSK,  M = 1 Detection 

Linear  MSK  Detection 

Suctmary 

Optimum  Linear  System 

COHERENT  DETECTION  IN  ATMOSPHERIC  NOISE  WITH 
PRE-DETECTION  HARD-LIMITING  PULSE  STATISTICAL 
ANALYSIS  (PSA) 

General 

Pulse  Statistical  Analysis 

Coherent  Detection  with  Hard-Limiting  - 

One  Pulse  per  Detection  Element 

PSK  Detection 

CFSK  Detection 

MSK  Detection 

Coherent  Detection  with  Hard-Limiting  and 
•^iltiple  Noise  Pulses  per  Detection  Element 
The  Noise  Envelope  Voltage  for  Multiple 
Noise  Pulses 


viii 


li9 

119 

119 

120 
123 
123 
126 
126 
128 
132 


132 

133 
133 

133 

146 

171 

173 

173 


i 


I 

I 


\ 

\ 

0' 


* 

t 


5. 2. 2. 2 Real  Axis  ProjectlO'.i  of  the  Sum  of  N 174 

Independent  Vectors  of  Equal  Magnitude 

5. 2. 2. 3 Multiple  Noise  Pulses  In  the  PSK  Functional  181 

!>. 2.2.4  Multiple  Noise  Pulses  In  the  CFSK  Functional  198 

5.2.C.5  Multiple  Noise  Pulses  In  the  MSK  Functional  203 

5.2.3  Evaluation  of  Probability  of  Decision  Error  204 

5. 2. 3.1  Determination  of  the  Average  Number  of  206 

Impulsive  Noise  Pulses  per  Decision  Element 

5. 2. 3. 2 Voltage  Level  Crossing  Rate  of  the  Envelope  206 

of  Gaussian  Noise 

5. 2. 3. 3 Relationship  Between  Rayleigh  and  Power-  208 

Rayleigh  Crossing  Rates 

5.3  Evaluation  of  Experimental  Systems  212 

5.3.1  Character  Error  Rates  212 

5.3.2  Experimental  System  215 

5.3.3  Effect  of  "Clustering"  Pulse  Distribution  225 

5.4  Bandwidth  Ratio  Constraint  229 

5.4.1  "Critical  Pulsewldth"  Versus  Bandwidth  231 

Ratio  (BWR) 

5.4.2  Experimental  Validity  of  PSA  for  BWR's  234 

Greater  than  4 

Chapter  6 IMPULSIVE  NOISE  SUBTRACTION  237 

Sec  6.1  Background  237 

6.2  Noise  Power  Reduction  239 

6.2.1  Impulsive  Noise  Subtraction  239 


6.2.2  "Small  Signal"  Noise  Power  Reduction  b>  Cahn  241 

C.2.3  "Snail  Signal"  PSK  Noise  Rec*uction  244 

G.2.4  Discussion  of  Noise  Peer  Reduction  Estimates  244 

6.3  TKe  Atmospheric  Noise  Voltage  as  a Sum  of  245 

Statistically  Independent  Components 

6.3.1  General  245 

6.3.2  Determination  of  the  Probability  Densities  247 

of  the  Total  and  Impulsive  Noise  Voltages 

6.3.3  Qualitative  Estimate  of  the  Residual  Noise  254 

Component 

6.3.4  "Best  Fit"  Synthesis  256 

6.3.5  Numerical  Convolution  Process  257 

6.3.6  Estimation  of  Residual  Noise  Statistics  260 

6.4  Application  of  Impulsive  Noise  Subtraction  265 

to  System  Analysis 

6.4.1  Example  1.  (Hartley's  Experimental  Results)  267 

6.4.2  Example  2.  (^.infield  and  Beach's  Experimental  268 

Results) 

6.4.3  Example  3.  (Small  Bandwidth  Ratio  270 

Experimental  Results) 

Chapter  7 CONCLUSIONS  AND  RECOMMENDATIONS  275 

Sec  7.1  Overview  275 

7.2  Results  and  Conclusions  275 

7.2.1  Linear  Systems  Analyses  275 


,y 


X 


7. 2. 1.1  Coherent  PSK  Detector  Functional 

7. 2. 1.2  Coherent  FSK  (M  = 1)  Detector 

7. 2. 1.3  MSK  Detector 

7. 2. 1.4  Experimental  Validation  of  the  Linear 
Performance  Calculations 

7.2. 1.5  Comparison  of  Linear  Systems 

7.2.2  Non-Linear  (Hard-Limiting  Receiver) 

System  Analyses 

7. 2. 2.1  Analyses  of  Small  Bandwidth  Ratio  (BWR) 
Systems  by  Pulse  Statistical  Analysis  (PSA) 

7. 2. 2. 1.1  PSA  Development 

7. 2. 2. 1.2  Quantitative  Convergence  of  Error  Rates 
Computed  by  Poisson  and  “Clustering" 
Statistical  Distribution 

7. 2. 2. 1.3  Experimental  Validation  of  PSA  for  CFSK 
and  CSK  (MSK  Detection)  Systems 

7. 2. 2. 1.4  Performance  Differential  Between  CFSK  and 
CSK  (MSK  Detection)  Performance 

7. 2. 2. 1.5  BWR  Limitation  of  PSA 

7. 2.2. 2 INS  .'dvelopment 

7. 2. 2. 2.1  Enhancement  cf  Small  Signal -to-Noise  Ratios 
in  Atmospheric  Noise  by  Hard-Limiting 

7. 2.2. 2.2  Residual  Noise  Component 

7. 2. 2. 2.3  Experimental  Validation  of  the  INS  Technique 


\ 

7. 2. 2. 2.4 

BWR  Limitation  of  INS 

282 

7.2. 2.3 

General  Conclusions  Concerning  Non-Linear 
System  Performance 

282 

7. 2. 2.4 

General  Limitations  of  PSA  and  INS 

283 

\ 

1 

7.3 

Recommendations  for  Extensions  and  Additions 
to  the  Investigations 

283 

1 

APPENDIX  A 

DERIVATIONS  OF  SELECTED  INTEGRALS 

285 

APPENDIX  B 

STATISTICAL  PROPERTIES  OF  THE  RATIO  OF 
AMPLITUDES  OF  INDEPENDENT  IMPULSIVE 
ATMOSPHERIC  NOISE  PULSES 

297 

APPENDIX  C 

SMALL  SIGNAL  ANALYSIS  OF  HARD-LIMITING 
NOISE  REDUCTION  IN  THE  PSK  RECEIVER 

303 

) 

APPENDIX  D 

TABLES  OF  DECISION  ERROR  RATES  FOR  LINEAR 
COHERENT  PHASE  SHIFT  KEYING  (PSK) 
DETECTION 

317 

BIBLIOGRAPHY  340 


I 

i 


‘v 

t' 


I 


^ / 


L 


xii 


LIST  OF  ILLUSTRATIONS 


Amplitude  Probability  Distributions  27 

of  the  Envelope  of  Atmospheric  Noise 
Bandpass  Filter  57 

Coherent  Phase  Shift  Keying  (Biphase  66 

PSK)  Detector 

Coherent  Frequency  Shift  Keying  74 

(CFSK,  M = 1 ) Detector 

Probability  Densities  for  Atmospheric  89 

Noise 

MSK  Modulation/Demodulation  Waveforms  97 

MSK  Detector  101 

Linear  Coherent  Phase  Shift  Keying  124 

(PSK)  Detector  Performance  in 

Atmospheric  Noise,  = 3.75  dB 

Linear  Coherent  Frequency  Shift  Keying  125 

(CFSK,  M = 1),  Detector  Performance  in 

Atmospheric  Noise,  Vj  = 3.75  dB 

Linear  Minimum  Shift  Keying  (MSK)  127 

Detector  Performance  in  Atmospheric 

Noise,  Vd  = 5 dB 


xiii 


Vo.-- 


¥ 


I 


11 

Linear  Coherent  Phase  Shift  Keying  (PSK) 
Detector  Performance  In  Atmospheric  fJolse 

129 

12 

Linear  Coherent  Phase  Shift  Keying  (PSK) 
Detector  Performance  In  Atmospheric  Noise 

130 

13 

Hard-Limiting  PSK  Receiver 

134 

14 

Hard-Limiting  CFSK  Receiver 

147 

15 

Arguments  of  Cos“^  [°]  in  the  CFSK 
Detector  Functional 

168 

16 

Complementary  Probability  Distributions 

w 

for  ft i 

180 

17 

Level  Crossing  Rate  of  Atmospheric 
Noise  Envelopes 

210 

18 

Receiver  Subsystem 

216 

19 

Normalized  Bandwidth  Factor  for  Noise 
Envelope  Crossing  Rate  as  a Function  of 
Noise/Normal -Law  Bandwidth  Ratio 

221 

20 

Pulse  Statistical  Analysis  - Hard-Limiting 
Receiver  Performance  In  Atmospheric  Noise 
(6  dB  < Vd  1 7.9  dB  In  600  Hz) 

226 

21 

Pulse  Statistical  Analysis  - Hard-Limiting 
Receiver  Performance  in  Atmospheric  Noise 
(8  dB  < Vd  < 9.9  dB  In  600  Hz) 

227 

22 

Pulse  Statistical  Analysis  - Hard-Limiting 

228 

Receiver  Performance  In  Atmospheric  Noise 
(12  dB  i V<j  < 13.9  dB  In  600  Hz) 


xiv 


Pu'iae  Statistical  Analysis  - Hard-Limiting  230 

Receiver  Performance  In  Atmospheric  Noise. 

Error  Rates  Computed  According  to  Poisson 

and  Clustering  Distributions 

(0  dB  £ Vji  < 9.9  dB  In  COO  Hz,  K = 1 ) 

Pulse  Statistical  Analysis  - Hard-Limiting  235 

CFSK  Receiver  Performance  In  Atmospheric 

Noise  for  a Bandwidth  Ratio  rf  12 

Impulsive  Noise  Power  Reduction  242 

Atmospheric  Noise  APD  Curve  Showing  246 

Impulsive  Component  APD 

Noise  Probability  Densities,  Atmospheric  250 

Noise  Voltage,  Z,  and  Its  Impulsive 

♦ 

Component, 

Probability  Densities  for  Impulsive,  tn» 

and  Residual,  r^.  Noise  Voltages 

Probability  Densities  for  Atmosphei^ic,  Z,  263 

and  Synthesized,  z'.  Noise  Voltages 

V^  Ratio  of  the  Residual  Noise  Component  264 

Resultinci  from  Impulsive  Noise  Subtraction 

Vs.  Input  Noise  V^j  Patio 

CFSK  Haro  :.1m1ting  Receiver  Performance  269 

In  Atmospheric  Noise  Computed  by  Impulsive 
Noise  Subtraction  (INS) 


XV 


LIST  OF  ABBREVIATIONS 


APn 

LIST  OF  ABBREVIATIONS 
Amplitude  ProbaHility  Distribution 

i1 

ASK 

Ainplitudo  Shift  Kcyinq 

r\ 

c 

DWR 

Bandwidth  Ratio  (Limiter  Bandwidth/ 

Detection  Bandwidth) 

5 

CER 

Character  Error  Rate 

122 

CFSK 

Coherent  Frequency  Shift  Keying 

3 

CSK 

Compatible  Shift  Keying 

212 

DPSK 

Differential  PSK 

7 

dB 

Decibel 

1 

FSK 

Frequency  Shift  Keying 

2 

Hz 

Hertz 

2 

kHz 

Kilohertz 

Impulsive  Noise-  Subtraction 

1 

INS 

5 

LF 

Low  Frequency 

1 

MHz 

Megahertz 

1 

MSK 

Minimum  Shift  Keying 

3 

PSA 

Pulse  Statistical  Analysis 

5 

PSK 

Phase  Shift  Keying 

3 

S/N 

Signal -to-Noise  Power  Ratio 

2A3 

RIC 

Receiver  Impulse  Characteristic 

15 

VLF 

Very  Low  Frequency 

1 

Vd 

Ratio  of  RMS  to  Average  Noise  Envelope  Voltages 

11 

xviii 


y 


Chapter  1 
INTRODUCTION 


1.0  General 

Practical  radio  communication  was  first  Implemented  at  frequencies 
below  1 MHz.  However,  because  of  the  substantial  atmospheric  noise 
environment  and  physically  massive,  but  electrically  small,  transmitting 
antennas  required  for  this  range,  subsequent  technology  has  emphasized 
higher  frequency  systems.  Nevertheless,  very  low  and  low  frequency 
(VLF/LF)  coRinunIcatlon  systems  In  the  10-100  kHz  band  are  still  the  most 
reliable  means  of  very  long  ra'ige  surface  to  surface  communications. 

Some  of  the  attractive  characteristics  of  radio  transmission  In  the 
VLF/LF  band  are:  (1)  Very  low  propagating  signal  attenuation  rates  - 
on  the  order  of  2-5  dB  per  Megameter  [54];  (2)  Minimal  signal  fading 
where  the  maximum  fluctuations  are  on  the  order  of  a few  decibels  and 
the  rates  are  on  the  order  of  decibels/hour;  (3)  Very  high  signal 
phase  stability  which  makes  coherent  mHulatirn/demodulation  a 
practical  approach.  On  the  other  hand,  the  previously  mentioned 
drawbacks  are  quite  significant.  The  massive  transmitting  antenna 
structures  use  vertical  elements  of  over  200  meters  and  horizontal 
current  distritntion  eleirer>ts  (overhead  "top-hats"  and  ground  planes) 
which  occupy  areas  of  hundreds  of  acres  per  station.  Even  so,  the 
antennas  are  electrically  small  and  efficiencies  above  10  percent  are 
achieved  usually  at  the  cost  of  antenna  bandwidths  which  are  on  the 
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order  of  10  - 100  Hz.  Because  of  these  minimal  VlF/LF  radiation 
system  bandwidths,  only  binary  teletype  signalling  Is  practically 
employed.  Moreover*  the  narrow  system  bandwidths  lead  to  the  use  of 
phase>cont1nuous,  constant>enve1ope,  angle-modulation  for  the  teletype 
data  trar.sn;1i.-iof..  (in  particular*  Frequency  Shift  Keying  (FSK)  rather 
than  on-off  or  Aiiplltude  Shift  Keying  (ASK)  Is  typically  used  on  the 
more  modern  systems.)  The  other  limiting  constraint  Is  the  noise 
environment.  Here  the  average  atmospheric  noise  power  Is  approximately 
proportional  to  the  Inverse  square  of  frequency  [26]  down  to  20  kHz 
and  It  becomes  Increasingly  Impulsive  at  the  lower  frequencies.  This 
high-level  Impulsive  ambient  nt'lse  Is  the  usual  limiting  factor  on 
VLF/LF  communication  system  range.  It  Is  especially  significant  that. 

In  spite  of  many  years'  experience  In  VLF/LF  radio  conmunlcatlons, 
there  has  been  relatively  little  performance  analysis  of  VLF/LF 
conmunlcatlons  systems  In  the  ambient  atmospheric  noise.  This  Is 
especially  true  In  regard  to  modern  coherent  modem  systems.  The 
reasons  for  this  deficiency  are:  (1)  the  aforementioned  emphasis  on 
higher  frequencies  for  radio  communication;  (2)  the  practical  difficulty 
of  mathematically  representing  the  atmospheric  noise  process,  which  is 
non-Gausslan  and  non- stationary  over  any  extender  period;  and  (3)  the 
non-linear  receiver  techniques  used  to  optimize  signal:  demodulation 
which  complicate  the  analysis. 


1.1  Object  of  the  Investigation 

The  purpose  of  this  study  Is  to  develop  a practical  means  of 
analyzing  the  performance  of  advanced  VLF/LF  coherent  receivers  In 
atmospheric  noise.  The  analysis  Includes  both  linear  and  non>l Inear 
pre-detection  signal  processing.  The  quantitative  end  product  of 
these  analyses  Is  bit  (or  decision)  error  rate  as  a function  of  rece'ived 
signal  to  noise  ratio.  However,  In  arriving  at  a viable  analysis 
which  produces  meaningful  error  rate  data,  there  are  some  Important 
considerations.  First,  the  analytical  procedure  must  account  for  the 
non-Gausslan  nature  of  atmospheric  noise  and  yet  be  consistent  with 
performance  analyses  of  these  systems  In  Gaussian  noise.  It  must 
Include  the  effects  of  receiver  band  pass  filtering.  It  must  accurately 
depict  the  receiver  non-linearities.  Finally,  and  most  significantly, 
the  computed  results  should  be  consistent  with  the  available,  even  If 
limited,  measured  performance  data. 

1 . 2 Ihc>  Report 

This  report  presents  the  basis  and  results  of  a comprehensive 
error-rate  performance  analysis  of  three  coherent  VLF/LF  modulator/ 
demodulator  (Modem)  systems  in  atmospheric  noise.  The  coherent  modem 
systems  considered  Include:  (1)  Coherent  Phase  Shift  Keying  - 2 phase 

(PSK);  (2)  Minimum  Shift  Keying  (MSK);  and  (3)  Coherent  Frequency  Shift 
Keying  (CFSK).  All  three  of  these  systems  employ  angle  modulation  and 
maintain  a constant  signal  envelope.  However,  only  the  latter  two, 

MSK  and  CFSK,  are  characterized  by  the  phase-continuous  waveform 
necessary  for  compatibility  with  the  hIgh-Q  transmitting  systems. 

The  PSK  analysis  Is  Included  because  It  Is  relatively  simpler  and  provides 


a basis  for  the  analysis  of  the  more  practical  MSK  and  CFSK  systems. 

(A  detailed  description  of  all  of  these  systems  Is  provided  later.) 

The  study  Includes  both  linear  and  non-linear  pre-detection  signal 
processing  In  the  receivers.  Here,  the  term  "linear"  Implies  that 
signal  mixing  results  only  In  frequency  translation  of  signal  plus 
noise,  band-pass  filters  are  passive  and  thus  linear,  and  amplifiers 
are  operating  In  a linear  range.  The  non-linear  receiver  considered 
employs  a band-pass  hard  limiter  preceding  the  coherent  dotector(s). 
(This  type  of  noise  suppression  has  been  shown  experimentally  [35]  to 
be  superior  to  more  moderate  clipping  or  "hole-punching"  [or  blanking] 
In  low  frequency  atmospheric  noise.  Moreover,  other  ope»'at1onal 
experience  at  VLF/LF  has  Indicated  that  the  hard-limiting  of  signal 
plus  atmospheric  noise  tends  to  minimize  the  effects  of  the  acmospherlc 
noise. ) 


Overall,  this  report  consists  of  three  major  areas:  (1)  the 

► 

basis  of  the  analysis;  (2;  the  development  of  mathematical  expressions 
for  the  computation  of  error  rates;  and  (3)  presentation  of  computed 
error  rates  and  their  comparison  with  experimentally  derived  data. 

D ! 

As  an  Introduction  to  the  performance  analysis  a survey  of  the  various 
atmospheric  noise  representations  Is  presented  along  with  a careful 
description  of  the  noise  process  actually  used  In  the  subsequent 
analysis.  Likewise,  there  Is  a complete  description  of  the  signal 
modulation  and  demodulation  processes  for  the  three  modems  to  be 
analyzed.  The  analysis,  jger  se..  Is  divided  Into  two  parts: 

(1)  linear  receiver  detection,  and  (2)  hard-limiting  receiver  detection. 

I 


I 


i 


,1 


r 

\ 


k. 


4 


In  turn,  the  analysis  of  the  non-linear  hard-limiting  receiver  Is 
divided  Into  two  general  cases:  (1)  the  case  where  the  ratio  of  the 

limiter  bandwidth  to  the  detection  bandwidth  (BWR)  Is  small  (I.e., 

BWR  £ 8)  for  which  the  method  of  Pulse  Statistical  Analysis  (PSA)  Is 
applicable,  and  (2)  the  case  where  BWR  1$  large  and  the  technique  of 
Impulse  Noise  Subtractlcn  (INS)  Is  applicable.  In  each  of  these 
two  parts,  the  available  measured  performance  data  is  compared  with 
the  computed  performance  of  the  PSK,  CFSK,  and  MSK  detection  systems. 

1.3  Significance  of  the  Analyses 

As  a consequence  of  the  lag  In  developing  comprehensive  useful 
analyses  of  VLF/LF  communication  system  performnce,  the  design  of 
optimuri  modem  and  receiver  techniques  has  similarly  lagged.  Thus,  to 
overcome  the  deleterious  effects  of  atmospheric  noise,  VLF/LF  system 
designers  have  often  gone  to  the  expedient  of  very  high  transmitter 
powers  to  compensate  for  Inefficient  modem  techniques  and  receivers 
whose  perfoi^mance  Is  drastically  degraded  by  Impulsive  noise.  Such 
systems  may  have  some  success  but  are  Inefficient.  More  recently, 
useful  analyses  for  linear  detection  of  non-coherent  FSK  and  coherent 
PSK  have  been  developed  [39],  [45],  [48],  [37],  [14].  On  the  other 
hand,  practical  coherent  VLF/LF  modems  have  had  only  minimal  analytic 
consideration  In  the  literature.  Only  the  work  of  Beach^  [3]  and 
Omura  and  Sheft^  [42]  deal  with  CFSK  performance  and  these  results  are 

^The  computed  results  were  Judged  to  be  useful  for  qualitative 
comparisons  of  receiver  techniques,  but  were  quantitatively  divergent 
from  measured  data.  ([3],  p:  196) 

^Similarly,  the  computations  are  conceded  to  achieve  "only  modest 
agreement  between  theoretical  and  experimental  results".  ([42],  p:  667) 
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quantitatively  Inaccurate  for  the  more  optimum  non-llneer  receiver 
systems.  Moreover,  there  has  been  no  analytic  consideration  of  the 
performance  cf  the  MSK  system  In  atnu3spher1c  noise.  The  analysis  In 
this  dissertation  of  MSK  modem  performtnee  In.etmospheric  noise  Is 
especially  significant  In  that  It  shows  MSK  to  be  substantially  more 
efficient  than  the  CFSK  system.  Furthermore,  It  provides  a good 
quantitative  description  of  coherent  system  performance  as  Improved 
by  hard-limiting  atmospheric  noise  reduction.  The  analyses  presented 
here  of  these  advanced,  but  practical,  VLF/LF  coherent  modem  sysvems 
provide  a quantitative  basis  for  the  design  and  operation  of  VLF/LF 


conmunlcation  systems. 


1 .4  Background 


In  order  to  put  the  present  analysis  In  perspective 
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appropriate  to  review  the  more  significant  available  experimen 
analytical  data  on  the  performance  of  the  PSK,  CFSK.  and  MSK  m 
These  earlier  contributions  can  be  conveniently  divided  as  :fd'l 

"I'v.  ■ 

(1)  Modem  performance  In  Gaussian  noise  with  linear  signal  pri> 


(1 ) Modem  performance  in  Gaussian  noise  with  linear  signal 

(2)  Modem  performance  in  atmospheric  noise  with  linear 
processing;  and  (3)  Modem  performance  In  atmospheric  noise; 
non-linear  signal  processing  (especially  noise  cl ippln  j 


The  performance  of  coherent  PSK  modens  In  Gaussian  hols*; 
mathematically  described  throughout  the  literature  [50],  nT'li 


mrm 


Because  the  Gaussian  noise  process 


linear  systems,  theoretical  analyses  coincide 
experimental  measurements.  The  reason  for  thi 


It  the  literature  [50],'n^i 
i is  mathematically 
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fact  that,  In  a linear  receiver  system,  the  input  signal  plus  Gaussian 
noise  process  results  in  a Gaussian  random  varial»’ie  at  the  detector 
output.  Similarly,  the  linear  CFSK  receiver  produces  a detector 
output  which  is  a Gaussian  random  variable  when  the  receiver  input  is 
a signal  plus  Gaussian  noise  process.  Such  analyses  have  been 
described  by  numerous  authors  [50],  [29],  [33].  Analyses  of  linear 
MSK  detection  are  not  so  widely  available  - perhaps  because  of  the 
more  recent  development  of  this  technique.  Nevertheless,  Linfield 
and  Beach  [33]  have  provided  an  adequate  analysis  of  the  linear  MSK 
receiver. 


' Proceeding  to  a consideration  of  analyses  of  linear  receivers  in 
-1,  fftmosphev  k noise,  we  find  the  literature  to  be  far  from  replete. 

the  only  analytical  techniques  are  addressed  to  PSK, 


Dhasc  shift  keying  (DPSK),  and  non-coherent  FSK  systems, 
significant  experimental  results  in  VLF/LF 
ise  are  for  the  CFSK  and  non-coherent  FSK  systems, 
treatment  of  non-coherent  FSK  [14],  [22]  is  an 


ion vffef '4 tmo spheric  noise  of  the  technique  proposed  by 
V for  Gaussian  noise.  This  analysis  uses  the  r 

'that  a binary 
exceeds  tl 


reasonable 

detection  error  will  occur  half  the  time  the 
he  signal  envelope.  Thus,  the  bit  error  rate 


the  probability  that  the  noise  envelope  exceeds  a 


the  signal  voltage.  (Omura  and  Shaft 
numerical  results  by  calculating  the  error  rate  of 


equivalent  to  t^ 

nrodu’c<id  similar  numerics 

W " ' ' ' 

^ log-normal,  rather  than  Rayleigh,  fading  channel  in 

" noise.  However,  their  method  is  not  justified  on  a 


theoretical  basis.)  Unfortunately,  Montgomery's  technique  cannot  be 
applied  directly  to  the  analysis  of  coherent  detection  In  atmospheric 
noise.  Here  the  method  described  generally  by  Spaulding  [48]  and  more 
specifically  by  Shepelavey  [45],  does  provide  a means  of  determining 
the  error  rate  performance  of  coherent  PSK  system^  1n  atmospheric 
noise.  This  technique  has  been  adapted  In  this  study  to  the 
analysis  of  linear  CFSK  and  MSK  systems  and  a detailed  description  Is 
Included  In  Chapter  4.  A subsequent  study  of  Spaulding  [49]  considers 
the  DPSK  system  in  atmospheric  noise.  Overall  then,  the  literature 
contains  techniques  for  the  analysis  of  linear  non-coherent  FSK, 
coherent  PSK,  and  DPSK  receivers  but  does  not  provide  any  analytic 
treatment  of  linear  CFSK  and  MSK  receivers  In  atmospheric  noise. 
Because  of  the  sub-optimum  nature  of  non-coherent  FSK  (with  respect 
to  CFSK  and  especially  MSK)  and  the  unsuitability  of  PSK  and  DPSK  for 
VLF  transmission,  this  constitutes  a significant  gap  In  the  analysis 
of  linear  VLF/LF  modem  techniques. 

In  the  realm  of  experimental  results,  the  only  experimental 
performance  results  for  linear  coherent  VLF/LF  systems  are  the 
measured  PSK  data  of  Linfield  and  Plush  [32]  and  the  CFSK  data  of 
Entzminger,  etal  [14].  On  the  other  hand,  experimental  performance 
data  for  non-coherent  FSK  Is  presented  In  various  sources  [14], 

[33],  [53].  As  before,  the  more  optimum  coherent  systems  are  not 
described.  Thus,  It  must  be  conceded  that  there  Is  a dearth  1r:  both 
experimental  and  analytical  performance  data  of  linear  coherent  VLF/LF 
modem  performance. 
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Although  the  analytical  and  experimental  descriptions  of  linear 
r.FSK  and  MSK  modem  performance  In  VLF/LF  atmospheric  noise  leave  much 
to  be  desired,  the  available  treatments  of  non-linear  CFSK  and  MSK 
modem  performance  In  atmospheric  noise  are  even  less  satisfactory. 

The  analyses  by  Beach  and  George  [3]  and  Omura  and  Shaft  [42]  of  CFSK 
performance  are  quantitatively  divergent  from  measured  experimental 
results.  Similarly,  the  CFSK  performance  estimates  by  Linfleld  and 
Beach  [33]  and  Hartley  [22]  do  Intersect  their  experimental  results, 
but  only  at  one  point  (See  Chapter  6).  Other  analytical  treatments 
of  non-linear  modem  performance  In  Impulsive  noise  have  been  provided 
by  Sisco  [46]  and  Bello  and  Esposito  for  PSK  [5]  and  DPSK  [6]  and  by 
Lindenlaub  and  Chen  for  PSK  [30].  Experimental  performance  data  for 
hard-limiting  reception  and  detection  of  CFSK  in  atmospheric  noise 
Is  also  presented  by  Linfleld  and  Beach  [33]  and  Hartley  [22].  Other 
significant  experimental  data  Includes  that  of  Mallinckrodt  [35]  for 
DPSK  reception  using  noise-clipping  and  noise-blanking  receivers  in 
low  frequency  atmospheric  noise.  A brief  discussion  of  these  results 
in  provided  In  the  following  paragraphs. 

1.4.1  Analysis  by  Beach  and  George  [3] 

This  study  of  modem  performance  In  impulsive  atmospheric  noise 
addressed  coherent  PSK  and  FSK  reception  and  non-coherent  FSK  reception. 
It  further  considered  the  effect  of  peak  clipping  at  various  levels, 
logarithmic  limiting  (suggested  by  Hall  [20]  to  provide  optimum 
efficiency  In  the  face  of  his  proposed  noise  model  as  discussed  in 
Chapter  2),  and  "hole-punching",  or  noise-blanking.  The  error  rate 
analyses  are  based  on  a pulse  statistical  noise  model  whereby  the 


detector  functionals  (time  Integrals  of  the  signal  plus  noise  processes) 
are  expressed  In  terms  of  a truncated  Edgeworth  series.  The  resultant 
computed  error  rates  for  CFSK  with  limiting  and  noise  blanking  are 
substantially  lower  than  have  been  achieved  experimentally.  Moreover, 
for  the  peak-limiting  receiver,  as  the  limiter  voltage  threshold 
Increases  (tending  toward  linear  receiver  operation),  the  error  rate 
characteristics  tend  toward  the  same  shape  as  that  produced  by  Gaussian 
noise.  This  Is  the  reverse  of  the  experimentally  observed  effect  where 
the  error  rate  curve  steepens  In  slope  (toward  that  produced  by  Gauss  i 
noise)  as  the  limiter  threshold  Is  lowered  (toward  a i;ard-11m1t1ng 
effect)  [33].  This  quantitative  and  qualitative  divergence  of  the 
analysis  from  known  system  performance  Is  acknowledged  In  the  study. 
Unfortunately,  no  means  of  rectifying  the  difficulties  associated  with 
this  relatively  sophisticated  analytical  model  have  evolved. 

1.4.2  Modem  Performance  In  VLF  Atmospheric  Noise  by  Omura  and  Shaft  [42] 
This  study  of  modem  perfojTiance  In  atmospheric  noise  addresses 
both  linear  and  non-linear  (clipping)  reception  of  coherent  FSK  and 
PSK  and  non-coherer.t,  FSK  signals.  It  further  categorizes  the  linear 
systens  as  either  "long  Integration  time"  (narrow  detection  bandwidth), 
where  the  bit  rate  Is  small  encugh  to  permit  signal  Integration  over 
many  noise  pulses,  or  "short  Integration  time",  where  the  bit  rate  Is 
comparable  to  the  reciprocal  of  the  mean  duration  of  noise  pulses. 

To  accommodate  these  different  conditions,  separate  analyses  are 
presented.  However,  all  are  based  on  the  Log-Normal  Noise  Model  which 
Is  described  In  Chapter  2.  The  paper  first  addresses  the  "long 
Integration  time"  linear  case  and,  enploying  the  central  limit  theorem 


In  assessing  the  additive  effect  of  multiple  noise  pulses  per  bit, 
treats  the  noise  as  being  nearly  Gaussian.  A similar  result  Is  also 
obtained  by  employing  tho  procedure  of  CrIcHow,  etal  [11]  (or  utilizing 
Figure  26  of  CCIR-322  [26])  for  converting  the  amplitude  probability 
distribution  (APD)  of  wideband  Impulsive  noise  to  the  near-Gausslan 
APD  consistent  with  a narrow  detection  bandwidth.  The  "short  Integra- 
tion time"  linear  analysis  employs  two  approaches-  (1)  a log-normal 
fading  noise  model  for  non-coherent  FSK,  and  (2)  direct  Integration  of 
the  detector  functional  for  PSK  using  the  assumed  log  normal  noise 
envelope  distribution  (direct  Integration  of  a PSK  detector  functional 
Is  also  employed  In  this  dlssertatl^^  In  the  linear  system  analysis 
of  Chapter  4).  Finally,  the  oaper  considers  the  effect  of  signal  and 
no1s(>  clipping  In  atmospheric  noise.  The  approach  here  Is  to  apply  a 
noise  reduction  factor  and  a corresponding  signal  suppression  factor 
for  the  clipping  process  to  the  signal  and  noise  terms  of  the 
expressions  used  for  computing  Gausslan-nolse  error  probabilities. 

The  linear  "long  Integration  time"  analysis,  based  upon  central 
limit  theory  or  Crichlow's  noise  bandwidth  conversion  principle.  Is 
only  approximate  for  even  a very  narrowband  communication  system.  For 
example,  let  the  V^j  ratio  be  defined  as  Vj  where  e^  Is 

the  mean  square  envelope  voltage  and  e Is  the  average  envelope 
voltage  of  the  noise  process.  CCIR  322  [26]  shows  the  average  V^j 
ratio  of  summer  noise  at  20  kHz  to  be  greater  than  10  dB  In  a 200  Hz 
baiidwidth.  The  effect  of  Integrating  the  noise  Is  to  make  It  more 
Gaussian  In  character.  Gaussian  noise  has  a ratio  of  1.049  dB. 
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From  Figure  26  of  CCIR  322,  a bit  Integration  time  of  over  5 seconds  | 

I 

Is  required  to  achieve  a Vj  ratio  of  1.5  dB  In  the  detection  bandwidth. 

i 

This  corresponds  to  the  Inordinately  slow  teletype  channel  rate  of  t 

.286  words  per  minute.  j 

Figure  11  of  this  study  report  shows  the  error  rate  response  ' 

of  a coherent  PSK  modem  In  both  Gaussian  noise  (V(j  « 1.049  dB)  and  In 
atmospheric  noise  (V^j  * 1.5  dB).  These  curves  Illustrate  the  relative 
precision  of  the  approximation.  The  log  normal  fading  noise  model 
used  for  the  analysis  of  linear,  "short  Integration  time"  non-coherent 
I FSK  Is  shown  to  provide  results  comparable  to  those  produced  by  i 

I k 

Montgomery's  method  [14],  [22]  and  In  good  agreement  with  measured 
^ experimental  data.  However,  as  the  authors  state,  this  procedure  Is  ' 

^ not  Justifiable  on  a theoretical  basis.  The  other  "short  Integration 

time"  analysis  - that  of  the  linear  coherent  PSK  system  - produces 
^ results  practically  the  same  as  those  derived  fo**  linear  PSK  In  this 

study  (See  Chapter  4).  However,  their  choices  of  equal  to  5 and 
10  dB  do  not  provide  the  best  basis  for  comparison  with  the  published 
measured  data  which  has  a ratio  of  3.75  dB  as  referenced  to  the 
detection  bandwidth  of  33.33  Hz  [32].  Figure  8 of  this  report 

* / 

■/  provides  a comparison  for  V^j  = 3.75  dB.  Finally,  the  analysis  of 

I coherent  FSK  performance  ?n  a clipping  receiver  leads  to  system 

performance  computations  which  are  conceded  to  have  only  modest 
agreement  with  experimental  data.  The  best  agreement  occurs  using 
. published  experimental  data  obtained  by  Hartley  and  computed  performance 

I for  a clipping  receiver  where  the  clipping  level  was  expediently  chosen 

to  be  12  dB  above  the  signal.  (The  authors  point  out  that  Hartley's 

I 

y 
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clipping  level  was  “not  stated".)  However,  Hartley  specifically 
described  the  receiver  as  employing  "a  hard  amplitude  limiter  In  the 
! output  stage  which  produces  a square-wave  type  output".  Thus,  the 

12  dB  clipping  level  employed  In  the  computational  model  Is  clearly 
Inappropriate  for  comparison  with  Hartley's  experimental  data.  Hence, 
the  Implied  close  agreement  of  experimental  and  theoretical  results 
Is  not  demonstrated. 

In  conclusion,  the  most  quantitatively  useful  contribution  of 
I the  article  Is  the  analysis  of  linear  coherent  PSK  detection.  The 

I analysis  of  narrowband  linear  systems  which  employs  the  Gaussian 

noise  approximation  Is  reasonably  accurate,  but  such  systems  are 
unlikely  to  be  used  for  practical  VI.F  communication.  Unfortunately, 
the  analysis  of  coherent  modems  with  receiver  limiting  (which  Is, 

I 

by  far,  the  most  significant  and  practical  for  optimized  VLF  communica- 
tion systems)  Is  of  very  minimal  accuracy. 

r 

1.4.3  CFSK  Performance  Estimates  by  Llnfleld  and  Beach  [33]  and 
^ Hartley  [22] 

The  essence  of  the  coherent  FSK  performance  estimates  by  Llnfleld 
\ and  Beach  [33]  and  by  Hartley  [22]  Is  the  observation  that  receiver  noise 

^ / imiting  (especially  hard  limiting)  Increases  receiver  system  detection 

I .fficlency  In  atmospheric  noise  and  causes  the  error  rate  characteristic 

to  become  steeper.  These  estimates  employ  a noise  reduction  factor 
which  translates  the  error  rate  response  characteristic  to  account  for 

I 

the  Improvement  In  efficiency  and  represents  the  error  rate  character- 
I Istic  by  that  obtained  In  white  Gaussian  noise.  Although  the 

experimental  data  yields  an  error  rate  response  which  Is  steeper 

i 


I 

I 

r 


; 

\i 
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than  that  obtained  In  a linear  system,  the  slope  Is  not  as  steep  as 
that  obtained  with  white  Gaussian  noise.  It  follows  that  a noise 
reduction  factor  can  be  determined  either  empirically  or  by  analytical 
estimates  such  that  the  Gaussian  response  agrees  with  the  experimental 
results  at  one  point.  However,  the  difference  In  response  slopes  makes 
this  estimation  method  relatively  Inaccurate  over  any  significant 
range  of  error  probabilities.  It  should  be  noted,  however,  that  the 
measured  experimental  data  included  in  the  articles  does  provide  an 
invaluable  basis  for  validating  some  of  the  computational  results 
developed  later  In  this  report. 

1.4.4  Analysis  of  PSK  Performance  by  Sisco  [45] 

This  study  Investigated  the  effect  of  limiting  on  the  performance 
of  a coherent  PSK  detector  In  MF  (450  kHz)  atmospheric  noise.  Fl.'st, 
an  estimate  of  linear  modem  performance  Is  proposed  wherein  the  noise 
voltage  Is  assumed  to  be  3 dB  below  the  noise  envelope  voltage,  but 
similarly  distributed.  Using  this  3 dB  noise  power  reduction, 
Montgomery's  method  [39]  is  then  applied  to  determine  the  appropriate 
error  probability.  This  procedure,  in  effect,  estimates  the  performance 
of  the  coherent  linear  PSK  detector  to  be  3 dB  more  efficient  than  a 
corresponding  differentially  coherent  PSK  detector  whose  error  rate 
(as  estimated  by  Montgomery's  method)  Is  1/2  the  probability  that  the 
noise  envelope  Is  greater  than  the  signal.  This  technique,  at  best.  Is 
grossly  approximate  since  the  noise  voltage  and  noise  envelope  voltage 
have  drastically  different  probability  densities.  In  the  case  of 
receiver  limiting,  a performance  estimate  is  obtained  as  follows: 
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(1)  The  "clipped-noise"  APD  Is  numerically  Integrated  to  determine  the 
noise  power  reduction;  and  (2)  the  linear-receiver  bit-error  rate 
characteristic,  as  described  earlier.  Is  adjusted  by  this  noise  reduction 
estimate.  The  quantitative  results  of  this  procedure  differ  greatly  from 
the  measured  experimental  data.  As  might  be  expected,  this  translation 
of  an  already  questionable  linear  performance  characteristic  to  account 
for  the  non-linear  receiver  response  yields  an  equally  questionable 
result  for  the  non-linear  system. 

1.4.5  PSK  and  DPSK  Performance  In  Impulsive  Noise  by  Bello  and 

Esposito  rs],  [61 

These  studies  present  a theoretical  Investigation  of  coherent 
and  differentially  coherent  PSK  detection  by  linear  and  hard-limiting 
receivers  In  impulsive  noise.  The  analysis  Is  based  on:  (1)  the 

derivation  of  the  Receiver  Impulse  Characteristic  (RIC)  defined  by 


where  R|^  (J7,  S)  Is  the  Kth  order  RIC,  X*  a K-dImenslonal  noise  pulse 
amplitude  vector,  ^ is  a K-dImenslonal  pulse  occurrence  time  vector, 

^ Is  a K-d1mens1onal  noise  phase  vector,  and  ^ 

Is  the  conditional  error  probability  given  that  K noise  Impulses 
occur  per  bit  (with  the  parameters  H,  and  (2)  the  application 

of  the  various  order  RIC's  In  an  overall  error  probability  expression 
given  by: 


oo 
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where  P|^  1s  the  probability  that  exactly  K noise  pulses  occur,  and  W|^ 

Is  the  joint  density  function  of  the  parameters  S . 

Because  of  the  formidable  nature  of  the  above  expressions  for 
K > 1,  this  procedure  was  applied  for  K = 1 only  to  linear  and  hard 
limiting  receivers.  Here  the  numerical  results  Imply  limiter  Improve- 
ment of  detection  efficiencies  In  log-normally  distributed  noise  by 
factors  greater  than  40  dB.  This  Is  much  greater  than  has  been  achieved 
in  practice  at  VLF  and  Implies  that  the  first  order  solution  of  (1)  Is 
Insufficient  for  VLF;  unfortunately,  the  higher  order  statistics  for 
VLF  atmospheric  noise  are  not  available.  It  should  be  pointed  out, 
however,  that  the  pulse  statistical  analysis  (PSA)  developed  later  In 
Chapter  5 of  this  report  might  be  obtained  by  suitable  extension 
and  modification  of  the  RIC  approach. 

1.4.6  Matched  Filter  Performance  In  Non-Gausslan  Noise  by  Lindenlaub 

and  Chen  [30] 

This  was  an  Investigation  of  the  performance  of  a matched  filter 
(synchronous  coherent)  PSK  detector  In  Gaussian  noise  plus  impulsive 
noise.  The  Investigation  was  both  mathematical  and  experimental. 

Because  the  direct  sum  of  white  Gaussian  noise  and  Impulse  noise  as 
used  In  the  study  has  some  resemblance  to  the  VLF  atmospheric  noise 
process.  It  provides  some  Insight  as  to  the  expected  performance  of 
coherent  detectors  in  an  atmospheric  noise  environment.  The  general 
conclusion  of  the  study,  that  the  signal -to-noise  ratio  required  for 
a given  bit  error  rate  in  the  Impulsive  noise  is  much  greater  than  that 
required  for  Gaussian  noise.  Is  consistent  with  observed  error  rate 
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performance  In  atmospheric  noise.  A corollary  conclusion  of  this 
paper  Is  that  a limiter  preceding  the  matched  filter  detector 
drastically  reduces  the  degradation  produced  by  the  Impulsive  noise, 
but  does  not  significantly  affect  that  caused  by  the  additive  Gaussian 
nrlse.  The  efficacy  of  this  procedure  has  also  been  observed  In 
atmospheric  noise.  However,  because  no  combination  of  Gaussian  and 
Impulsive  noise  processes  has  been  demonstrated  thus  far  to  be  equivalent 
to  atmospheric  noise,  the  analytical  portions  of  this  study  are  not 
directly  applicable  to  the  real -world  atmospheric  noise  environment. 
1.4,7  Experimental  Data  by  Mallinckrodt  CS] 

In  addition  to  the  previously  mntloned  measured  performance 
data  of  Linfleld  and  Plush  (Linear  PSK)  [32],  Linfleld  and  Beach 
(Coherent  FSK  In  a limiting  receiver)  [33],  Hartley  (Linear  Non-Coherent 
FSK,  Coherent  FSK  In  a limiting  receiver)  [22],  Entzminger  etal 
(Linear  Non-Coherent  FSK,  Linear  Coherent  FSK)  [14],  a significant 
experimental  contribution  has  been  made  by  Mallinckrodt  [35].  This 
effort  measured  the  effect  of  receiver  limiting  and  noise  blanking  on 
differential  PSK  detection  efficiency  at  low  frequency.  This  carefully 
controlled  measurement  program  established  that  both  limiting  and 
noise-blanking  greatly  reduce  the  deleterious  effects  of  impulsive 
atmospheric  noise.  More  significantly,  however.  It  quantitatively 
demonstrated  the  superiority  of  noise  limiting  over  noise  blanking 
for  performance  enhancement.  Moreover,  It  showed  that  hard  limiting 
Invariably  equalled  or  surpassed  any  other  noise  clipping  or  limiting 
strategy  In  Improving  system  performance.  The  combination  of  this 
experimental  finding  and  the  wide  operational  prevalence  of  hard 
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limiting  receivers  (based  on  practical  experience)  has  led  to  restricting 
the  study  in  this  report  to  linear  and  hard-  limiting  receiver 
systems. 

1,4.8  Suwnary 

Overall,  It  has  been  shown  that  the  literature  contains  adequate 
analyses  of  the  coherent  PSK,  CFSK,  and  MSK  detectors  In  Gaussian  noise. 
In  atmospheric  noise,  the  only  quantitatively  accurate  analysis  Is  for 
linear  PSK  detection.  Although  the  PSK  system  Is  Impractical  for  VLF 
conmunicatlon  (because  of  Its  Incompatibility  with  the  narrow-band 
transmitting  systems),  this  analysis  of  PSK  can  be  adapted  to  treat  the 
more  practical  CFSK  and  MSK  systems.  In  the  realm  of  non-linear 
reception  of  signals  In  atmospheric  noise,  there  has  been  no  quantita- 
tively satisfactory  analysis  of  coherent  modems.  Even  the  work  of 
Beach  and  George  [3],  which  Is  the  most  careful  analytical  treatment  of 
non-linear  detection  In  VLF  atmospheric  noise,  does  not  achieve  close 
agreement  with  experimental  results.  Other  analytical  treatments, 
which  employ  modified  Gausslan-nolse  performance  descriptions,  are  even 
less  descriptive  of  system  perfornance  In  the  non-Gausslan  atmospheric 
noise  environment. 

1.5  Organization 

This  study  addresses  five  essential  topics  in  developing 
the  overall  analysis.  Therefore,  the  remainder  of  the  report  Is 
appropriately  divided  into  six  additional  chapters.  Five  are  analytical 
or  descriptive  and  one  consolidates  the  findings  and  conclusions.  These 


subsequent  chapters  are:  (2)  Atmospheric  Noise  - Description  and 

Models;  (3)  Coherent  PSK,  CFSK,  and  MSK  Modem  Systems;  (4)  Analysis 
of  Linear  Coherent  Modem  Performance;  (5)  Pulse  Statistical  Analysis 
(PSA)  - Predetection  Hard-Limiting  with  a Small  Bandwidth  Ratio  (BWR); 

(6)  Impulsive  Noise  Subtraction  - Predetection  Hard-Limiting  with  a 
Large  Bandwidth  Ratio  (BWR);  and  (7)  Discussion  of  Results  and 
Conclusions.  The  content  of  each  of  these  chapters  Is  briafly 
described  below. 

Chapter  2»  which  discusses  the  VLF  noise  environment^  presents  a 
general  discussion  of  VLF  atmospheric  noise  characteristics,  a survey 
of  atmospheric  noise  models,  and  a detailed  description  of  the 
atmospheric  noise  parameters  used  In  the  subsequent  analyses  of  this 
study.  Because  the  purpose  of  this  study  Is  the  quantitative  description 
of  modem  performance  and  not  the  development  or  theoretical  validation 
of  noise  models,  primary  reliance  has  been  placed  on  empirical  noise 
descriptions.  Thus,  the  atmospheric  noise  representation  emphasized  In 
this  chapter  largely  coincides  with  that  empirically  developed  by 
Crichlow,  e^al  [10],  [11]  and  tabulated  In  CCIR  322  [26].  However, 
for  the  analysis  of  the  hard-limiting,  small  BWR  receiver,  this 
representation  Is  adapted  to  account  for  the  amplitudes  of  Individual 
noise  pulses  of  a Poisson  process. 

Chapter  3 contains  a functional  and  mathematical  description  of  the 
Phase  Shift  Keying  (PSK),  Coherent  Frequency  Shift  Keying  (CFSK),  and 
Minimum  Shift  Keying  (MSK)  modem  systems.  The  functional  descriptions 
are  based  upon  simplified  block  diagrams  and  the  mathematical 
descriptions  Include  a definition  of  the  signal  structure  and  a 
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4 and  non-linear  (predetection  hard-limiting  In  a l^dSWd 
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Chapter  4 presents  an  analysis 

in  atmospheric  noise  where  the  receiving  systems 

where  the  predetection  signal  processing  is 

based  on  the  direct  numerical  evaluation 

and  the  application  of  the  iforementioned 

obtain  a description  of  CFSK  ?nd  MSK  detector  perfo'rmd'^«;; , 

measured  experimental  PSK  data  by  Linfield  and  Plus^ 

MSK  data  by  Entzminger,  et  al  [14]  is  presented  with,  the 

computed  performance  to  demonstrate  the  accuracy  of  these 

analysis  of  modetn  perforiTc..’'ica  w^kite '■  • 

. ....  


Chapter  5 considers  the 


predetection  hard-limiting  is  employed.  This  approach  employs  pu>v«-  ., 

statistical  analysis  (PSA)  to  calculate  the  "capture"  eff^t^ofK^.;.;..;.:|,^j-v;. 

atmospheric  noise  pulses  having  random  phase  aiigles  on  the  &r€ce5|^^,orj  ■ .<■  v 

■■  ¥'■■ 


limiter.  The  noise  pulses  in  this  analysis  are  assumed 


■ns 


Independently  produced  (thus  implying  a Poisson  distribute  fo'^'  ^ ^ 

m mber  of  pulses  in  a bit  Interval)  and  to  have  morotonically  dlstru^ut^d  v ; 


amplitude  (according  to  the  appropriate  amplitude  probabil IT^y  dlstribjtls^,^^ 
APD)  during  each  bit  or  detector-decision  Interval.  Computational  results 
of  this  procedure  are  pres«.^nted  which  show  a good  correspondence  to 
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experimental  CFSK  and  MSK  data  for  a bandwidth  ratio  (ratio  of  limiter 
bandwidth  to  detection  bandwidth)  of  3.7.  Moreover,  these  computational 
results  show  a 5-6  dB  difference  In  efficiency  between  CFSK  and  MSK 
detection  which  corresponds  closely  to  the  experimental  results.  This 
performance  differential  is  not  obtained  by  linear  demodulation  (see 
Chapters  3,  4)  or  predicted  by  Gaussian  noise  or  modified  Gaussian 
noise  [42]  analyses.  The  final  part  of  this  chapter  Is  a theoretical 
and  experimental  demonstration  that  the  PSA  technique  is  not  applicable 
to  the  analysis  of  hard-limiting  systems  where  the  bandwidth  ratio 
(BWP.)  is  substantially  greater  than  8. 

As  a consequence  of  the  BWR  limitation  of  the  PSA  technique  presented 
in  Chapter  5,  the  case  where  the  BWR  Is  large  is  considered  separately 
in  Chapter*  6.  Here,  an  approach,  designated  Impulsive  Noise  Subtraction 
(INS),  Is  used  to  obtain  computed  detection  performance  of  large  BWR 
coherent  systems.  This  approach  employs  the  hypothesis  that  hard- 
limiting,  In  effect,  selectively  subtracts  an  impulsive  noise  component 
from  the  overall  atmospheric  noise.  Three  Independent  analyses  are 
shown  to  predict  similar  signal-to-nolse  ratio  enhancement  factors  In 
atmospheric  noise  and  a "best  fit"  synthesis  procedure  Is  used  to 
estimate  the  "residual  noise"  component  which  remains  after  the 
postulated  Impulsive  noise  subtraction.  This  "residual  noise"  plus 
signal  Is  then  analyzed  by  means  of  the  noise  bandwidth  conversion 
procedures  of  CCIR  322  [26]  and  the  linear  system  analytical  results 
of  Chapter  4.  In  two  large  BWR  cases,  where  measured  data  Is  given  In 
the  literature,  CFSK  system  performance  computed  by  INS  Is  In  remarkably 


close  agreement.  Conversely,  however,  a third  example  where  the  BWR 
= 3.7  demonstrates  that  the  INS  procedure  is  inappropriate  for  such 
small  BWR's. 

The  overall  findings  of  Chapters  4,  5 and  6 are  consolidated  and 
discussed  in  Chapter  7.  Here,  some  general  conclusions  are  drawn  from 
the  computational  results.  Foremost  of  these  is  that  MSK  detection  is 
clearly  superior  to  CFSK  detection  in  atmospheric  noise.  Secondly,  the 
computational  results  quantitatively  verify  the  substantial  Improvement 
in  detection  efficiency  produced  by  predetection  limiting.  Finally, 
the  quantitative  results  clearly  show  the  relative  advantage  of  hard- 
limiting  in  the  widest  practical  predetection  bandwidth  (here,  the 
practical  limitation  is  the  need  to  have  sufficient  receiver 
selectivity  to  exclude  other  VLF  signals  and  man-nade  interference). 


Chapter  2 

ATMOSPHERIC  NOISE  - DESCRIPTION  AND  MODELS 


2.0  Introduction 

Atmospheric  noise  at  very  low  frequency  (VLF)  and  lew  frequency 
(LF),  specifically  In  the  range  10-100  kHz,  Is  the  principal  constraint 
on  efficient  signal  detection  at  these  frequencies.  Because  of  the 
excellent  radio  propagation  which  characterizes  this  frequency  range, 
the  atmospheric  noise  produced  by  lightning  discharges  - even  at  great 
ranges  - Is  received  at  amplitudes  usually  much  greater  than  receiver- 
system  generated  noise.  Thus,  the  amb1r”t  atmospheric  noise  Is  the 
predominant  natural  noise  component  In  the  Input  of  a typical  VLF/LF 
receiver.  This  atmospheric  noise  Is  highly  Impulsive  and  non-statlonary 
over  any  extended  time  Interval  (greater  than  10-15  minutes).  Its 
Impulsiveness  Is  further  characterized  by  high  dynamic  range  on  the 
order  of  6C  dB  or  more.  On  the  ether  hand,  the  low  amplitude  "background 
component"  of  the  atmospheric  noise  tends  to  be  nearly  Gaussian 
(Rayleigh  envelope)  In  nature.  Unfortunately,  the  VLF  atmospheric 
noise  process  has  no  readily  apparent  closed-form  mathematical 
description.  This  has  resulted  In  the  variety  of  proposed  descriptive 
models  which  are  found  In  the  literature. 

2.1  Atmospheric  Noise  Representations 

Virtually  all  representations  of  the  atmospheric  noise  process  are 
based  upon  compiled  first  order  noise  amplitude  statistics  such  as  found 
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In  CCIR  322  [26].  Commonly  the  complement  of  the  first  order  cumulative 
probability  distribution  of  the  noise  envelope  voltage  Is  plotted.  This 
representation,  known  as  the  Amplitude  Probability  Distribution  (APD), 
gives  the  probability  that  the  noise  envelope  voltage  exceeds  a given 
reference  voltage  as  a function  of  the  reference  voltage. 

At  this  point.  It  Is  appropriate  to  clearly  specify  how  the  noise 
envelope  voltage  Is  actually  observed.  The  noise  envelope  voltage  Is 
measured  at  the  output  of  a linear  receiver  whose  bandwidth,  dynamic 
range,  and  gain  are  adjusted  to  provide  the  maximum  output  signal  power 
without  clipping  the  large  amplitude  atmospheric  noise  pulses.  The 
resultant  bandpass  noise  signal  then  drives  a non-coherent  envelope 
detector  whose  output  Is  proportional  to  the  noise  envelope  process 
as  band  limited  by  the  receiver  predetection  filtering.  Periodic  samples 
of  the  detector  output  voltage,  which  constitute  observations  of  the 
noise  envelope  process  In  the  receiver  bandwidth,  are  then  compiled 
over  a prescribed  time  Interval  and  the  resultant  statistical  distribu- 
tion of  the  sample  envelope  voltages  defines  the  noise  APD.  In  addition 
to  the  compiled  APD's,  an  Impulsiveness  form  factor,  V{j,  defined  to  be 
the  ratio  of  the  RMS  noise  envelope  voltage  to  average  noise  envelope 
voltage.  Is  widely  used  to  describe  the  noise  Impulsiveness.  It  should 
be  noted  that  the  statistical  moments  Involved  In  the  definition  of  Vj 
are  ensemble  rather  than  time  averages.  The  two  averages  are  not 
equivalent  since  the  atmospheric  noise  envelope  process  Is  non 
stationary  and.  therefore,  not  ergodic. 


2,2'  Noise  Models 

In  order  to  proceed  to  analyses  of  communication  system  performance 
In  the  atmospheric  noise  environment.  It  Is  necessary  to  have  useable 
mathematical  models  of  the  noise.  These  usually  Involve  mathematical 
descriptions  which  are  more  sophisticated  than  the  noise  envelope  APD, 
but  which  are  consistent  with  the  noise  APD.  Atmospheric  noise  models 
vary  from  the  entirely  empirical  assignment  of  a convenient  mathematical 
expression  to  the  noise  APD  to  theoretically  developed  (based  on  the 
physical  nature  of  the  noise  process)  models.  In  this  latter  case,  as 
previously  noted,  measured  noise  statistics  provide  both  a basis  for 
the  formulation  of  the  model  and  a check  of  Its  accuracy. 

Some  general  observations  of  these  types  of  atmospheric  noise  models 
are  appropriate  at  this  point.  The  purely  empirical  description  of  the 
APD  developed  by  Crichlow,  et  al  [10],  disregarding  noise  pulse  amplitude, 
width  and  spacing  distributions,  cannot  provide  a basis  for  analyzing 
system  performance  where  noise  impulses  are  the  primary  contributor  to 
modem  error  rates.  This  Is  especially  true  for  non-linear  communication 
receivers  where  noise  pulse  widths  are  significant  fractions  of  a bit 
(or  detector  decision  element)  In  duration.  In  the  case  of  non-linear 
reception  (small  BWR,  hard-limiting),  a useable  noise  model  must  account 
for  noise  pulse  statistics.  Also,  It  Is  necessary  to  recognize  that  the 
shape  of  a typical  noise  pulse  as  observed  at  the  Input  to  a detector 
(or  predetection  bandpass  limiter)  Is  dependent  on  the  Impulse  response 
of  the  receiver  predetection  filters.  This  characteristic  has  led  to 
the  development  of  "filtered  Impulse"  noise  models  (based  on  a time 
sequence  of  amplitude  distributed  Impulses  at  the  receiver  Input)  such 


25 


as  developed  by  Beach  and  George  [3]»  Furutsu  and  Ishida  [16],  Galejs 
[17],  Giordano  and  Haber  [18],  and  Nakal  [40].  (Likewise,  a type  of 
"filtered  Impulse"  model  Is  employed  In  Chapter  5 of  this  study.)  A 
brief  description  and  discussion  of  the  more  significant  of  the 
available  models  Is  presented  In  the  following  sections. 

2.2.1  Empirical  Description  of  the  Atmospheric  Noise  APD  by 
Crlchlow,  et  a1  CIO]  and  CCIR  322  [26] 

This  model  describes  the  APD  of  atmospheric  noise  by  two 
straight  lines  and  an  Interconnecting  circular  arc  on  Rayleigh  graph 
paper.  The  Rayleigh  paper  Is  constructed  with  the  abscissa  linear  In 
terms  of  the  variable  -20  Logio  (-Ln^  P(E)),  where  P(E)  Is  the 
probability  that  the  noise  envelope  exceeds  the  threshold  voltage, 

E.  The  ordinate  Is  linear  In  terms  of  20  Log^o  (E/Eq)  where  Eq  Is  the 
root  mean  square  (RMS)  value  of  E.  Figure  1 shows  typical  APD  curves 
plotted  on  Rayleigh  paper.  The  lower  straight  line  portion  which  has 
a slope  of  '“1/2  has  the  equation  given  by 

20  L Ce/e.)=  j^-20 (2) 

or 

2 Leg,,  C£)-2L.g„(e.)-K'/,o- 

or 

L'’g,.  (E‘)-Lee„(2e^)  -L<,g„[-u  PCs)] 

where 

Lo^  ,0  0 -21  (e^)  y-  /<  ^ (3) 
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IS 


~Ln  P(e)  » (4) 

and 

f>(E)  = (5) 

# 

Equation  (5)  gives  the  probability  that  a Rayleigh  distributed  random 
variable  will  exceed  the  value  E.  Since  Gaussian  noise  has  a Rayleigh 
envelope*  Equation  (5)  corresponds  to  the  APD  for  Gaussian  noise.  The 
steeper  straight-line  portion  of  the  overall  APD  can  similarly  be  shown 
to  define  an  APD  of  the  form 


P(A)  = F.,[-A^^V2e!] 

where  ^ Is  the  slope  of  the  upper  portion  of  the  APD.  Such  a steep 
2 

straight  APD  can  be  obtained  by  the  transformation  of  the  Rayleigh 
distributed  random  variable  e according  to  the  power  law: 

o.  = (7) 

since  f>(!=)  = fi-  (e^E)  = f~Fe  CB)  FtCE) 

Is  the  cumulative  probability  distribution  of  e*  the  probability 
density  function  of  e Is  given  by 


(8) 


By  transformation  of  variables 


Hence,  substituting  (7)  and  (8)  In  (9} 


It  follows  that 


(10) 


K/t)  = (a^/l)  = 


Commonly,  the  steep  straight  line  Is  referred  to  a "Power- 
Raylelgh"  APO.  It  has  been  shown  [10]  that  three  statistical  averages 
of  the  atmospheric  noise  envelope  voltage  are  generally  sufficient  to 
describe  the  APD.  These  averages  are:  (1)  The  mean  square  envelope 
voltage,  e^;  (2)  The  average  envelope  voltage,*?;  and  (3)  The  average 
logarithm  of  the  envelope  voltage,  (ej.  Moreover,  It  has  been 
determined  from  observation  of  compiled  statistical  data  that  the 
ratio  iVeVP')  In  decibels  Is  linearly  related  to  Lp  (e)  In 
decibels.  This  relationship  Is  given  by  ([11],  p.  714) 

UCc)  = 1.6?  Kt  01) 


and  Is  used  to  compile  the  typical  APO  curves  In  CCIR  322  [26]  as  a 
function  of  the  parameter  V^j.  Also,  Crichlow's  approach  provides  a 
means  for  obtaining  an  APO  curve  appropriate  to  a receiver  bandwidth 
other  than  the  200  Hz  noise  bandwidth  used  In  CCIR  322  [11].  This 
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bandwidth  conversion  can  be  readily  accomplished  by  means  of  the 
translation  chart  given  by  Figure  26  of  CCIR  322  [26]. 

The  advantages  of  this  noise  representation  are  quite  clear. 

First,  only  two  measurements,  the  rms  and  average  noise  envelope 
voltages  which  define  the  ratio,  are  required  to  specify  the  noise 
APO.  Secondly,  this  description  of  the  APD  permits  the  rapid  graphical 
construction  of  APD  curves  and  a straightforward  piecewise  (mathematical) 
functional  description  which  Is  well  suited  for  numerical  analysis  by 
digital  computer.  Third,  parameters  for  constructing  APD's  In  this 
manner  have  been  completely  defined  [10],  [11]  and  tabulated  [10], 

[26].  Moreover,  this  APO  description  Is  specifically  related  to  the 
authoritative  worldwide  noise  predictions  of  CCIR  322  [26].  Finally, 

It  has  been  shown  that  this  APD  description  provides  close  agreement 
with  extensive  compiled  noise  statistics  [10].  The  latter  lends 
confidence  In  the  quantitative  adequacy  of  this  approach. 

On  the  other  hand,  this  description  has  two  deficiencies. 

First,  Its  development  Is  not  based  on  any  physical  or  theoretical 
principles.  However,  this  would  be  a minor  objection,  at  most.  If  the 
model  described  the  actual  noise  process  sufficiently  to  permit  accurate 
system  analysis.  In  the  aforementioned  case  where  detector  performance 
Is  significantly  affected  by  Individual  noise  pulses,  the  APD  alone 
Is  not  sufficient  to  describe  the  noise  pulse  structure.  Thus,  the 
second,  and  more  significant,  deficiency  of  this  empirical  noise 
description  Is  Its  failure  to  specify  the  noise  pulse  structure,  or. 

In  effect,  noise  statistics  higher  than  first  order.  This  latter 


difficulty  with  the  Crichlow  formulation  has  necessitated  a more 
sophisticated  noise  representation  for  the  analysis  of  the  hard- 
limi  ting  small  bandwidth  ratio  (BWR)  systems  In  Chapter  5 of  this 
dissertation. 

Nevertheless,  the  Crichlow  representation  has  been  found  to  be 
useful  for  tho  analysis  of  the  linear  systems  In  Chapter  4 r <d  the 
hard-limiting  large  BWR  systems  In  Chapter  6.  Moreover,  the  "Power- 
Raylelgh"  APD  of  the  Impulsive  noise  component  Is  used  In  Chapter  5 as 
a basis  for  developing  the  noise  pulse  amplitude  statistical  structure. 
Thus,  as  Is  shown  In  the  subsequent  analyses,  the  empirical  noise 
description  of  Crichlow,  et  a1  Is  quite  useful  for  the  analysis  of 
VLF/LF  coherent  modem  performance. 

2.2.2  Lognormal  APD  Description  by  Beckmann  C4] 

An  Important  contribution  to  the  description  of  the  atmospheric 
noise  process  has  been  made  by  Beckmann  [4].  This  development  provides 
a theoretical  substantiation  for  Crichlow* s empirical  APD  description 
and  relates  the  VLF  atmospheric  noise  APD  to  the  known  characteristics 
of  VLF  radio  propagation.  The  noise  process  description  Is  based  on 
the  response  of  a narrow  band  receiver  to  an  Input  sequence  of  Impulses 
whose  occurrence  In  time  Is  Poisson -distributed;  the  amplitude 
distribution  of  these  Impulses  Is  based  on  long  range  VLF  propagation 
theory.  Considering  the  amplitude  distribution,  a particular  noise 
Impulse  at  the  receiver  Input  has  an  amp11tude^  £p,  given  by 
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where  K Is  a propagetion  constant » Pq  Is  the  peak  power  of  a given 
noise  pulse,  Sj  Is  the  attenuation  constant  for  the  discrete 
propagation  path,  dj  Is  the  length  of  the  path,  and  d * , 

This  may  also  be  written  as 

£>=e“"=  ^^LP.-U 

Here,  the  first  three  terms  in  the  argument  of  c<  are  random. 

If  the  fluctuations  In  1n(Po)  and  1n(d)  are  considered  to  be  relatively 
smaller  than  the  fluctuations  of  c/y  » then  the  shape  of  the 

probability  distribution  of  o<  Is  governed  primarily  by  this  latter  term, 
the  sum  of  attenuations.  Thus,  If  a typical  propagation  path  can  be 
described  by  a large  number,  n,  of  Independent  propagation  path  sections  (which 
Is  reasonable  because  of  the  multiple  earth- Ionosphere  wavehops  over  a 
long  range  path),  the  central  limit  theorem  Implies  that 
tends  toward  a Gaussian  probability  distribution.  It  follows  that  ^ 

Is  also  Gaussian  with  a probability  density  function  of  the  form 

(14) 


where 


Using  (13),  the  density  function  for  ep,  Is  given  by 


which  Is  a lognormal  probability  density  function.  As  pointed  out  by 
Beckmann,  th^s  probability  distribution  of  the  peak  Impulse  amplitude 
of  the  atmospheric  noise  envelope  coincides  with  that  postulated  by 
Horner  and  Harwood  [24]  (but  not  theoretically  justified). 

Subsequent  development  employs  the  typical  decaying  time- 
exponential  receiver  response  to  Poisson-distributed,  non-overlapping, 
high-amplltude,  lognormally  distributed  noise  Impulses  and  multiple 
overlapping  low  amplitude  noise  pulses.  The  Poisson  distribution  Implies 
Independent  Impulsive  noise  sources  and,  consequently,  statistically 
Independent  times  of  occurrence.  It  Is  shown  that  the  high  amplitude 
noise  Impulses  produce  a log-normally  distributed  noise  envelope  voltage 
which  closely  approximates  the  “Power  Rayleigh"  APD  which  Is  employed  by 
Crichlow  to  describe  the  Impulsive  portion  of  the  noise.  The  low 
amplitude  overlapping  pulses  are  argued  to  produce  a Rayleigh  distributed 
noise  envelope  (characteristic  of  a Gaussian  process).  These  two 
disjoint  regions  of  the  atmospheric  noise  APD  (lognormal  for  high 
amplitude  and  Rayleigh  for  low  amplitude)  are  then  Interconnected  by 
a circular  arc  (as  constructed  on  Rayleigh  graph  paper)  to  produce  a 
continuous  overall  noise  envelope  APO.  This  final  result  Is  In  close 
quantitative  agreement  with  Crichlow' s empirical  APD  description  and, 
consequently,  with  the  compiled  noise  statistics  cited  by  Crichlow  [10]. 
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a single  ‘Hghtftlrli' . . 
of  occurrence  diHp>a;)^;i5^ 


Although  this  noise  model  Is  clearly  consi: 
first  order  noise  envelope  statistics,  it  has  been  , 

' ih  'f'  - ' 

[20],  [51]  that  the  times  of  occurrence  of  lightning  st'^'oke'. 
statistically  independent.  This  results  because 
discharge  contains  multiple  strokes  whose  times  of 
a clear  statistical  dependence  [3].  (It  Is  shown  In  Chapter 

however,  that  the  assumption  of  statistically  Independent  noise  Xil>' K' 

arrival  times  Is  sufficient  for  the  analysis  of  practlcs^-^iunj^ 
systems  where  the  detection  element  (bit)  lengths  are  on^the  o^^ek 
20  msec,  or  less  (corresponding  to  teletype  transmissi 
minute  or  greater).)  Also,  as  noted  by  Giordano  [13],  Beckmann'^,'  . ' 
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development  does  not  address  noise  statistics  beyond 

Overall,  the  work  of  Beckmann  provides  a more  profound 
theoretical  foundation  to  empirical  noise  representations  vach 
of  Crichlow.  However,  since  Beckmann's  results  virtually 
Crichlow's,  Beckmann's  representation  is  of  similar  quahtitetl 
for  the  numerical  analysis  of  system  performance.  In  conc^.uji-.1oryf» *,•/?; 

■vv.''"  - ‘JiT  y 

Beckmann's  results  are  quantitatively  equivalent  but  more  Olf/tc^1t'  v 
to  describe  mathematically  and  In  terms  of  compiled  statistics 
Is  Crichlow's  representation.  ^ 

2.2.3  Noise  Model  of  Beach  and  George  [3]  ' 

4 

A more  sophisticated  approach  to  VLF  atmospheric  noise  modeling  %' 

Is  that  employed  by  Beach  and  George  In  their  analysis  of  VLF  and  .^.1?  ; v .,- 
receiving  systems.  Here  Beckmann's  model  Is  modified  to  account  for 
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noise  bursts  from  various  Independent  noise  sources  with  each 
exhibiting  an  empirically  determined  pulse-per-nolse-burst  statistical 
distribution  given  by: 

PCiv,)  = <’«> 

where  P(No)  Is  the  probability  of  No  noise  pulses  In  a burst  and 
usually  T''' (but  ^ ^ / In  any  case). 

As  In  Beckmann's  work,  a log-normal  density  function  is  employed 
to  describe  the  statistics  of  the  noise  pulse  amplitudes. 

Thus,  this  model  does  account  for  the  statistical  time  dependence 
between  multiple  strokes  In  a given  lightning  discharge.  An  Illustrative 
APQ  ^htheslzed  by  means  of  this  noise  process  (page  170)  closely 
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..  approximates  a typical  (CCIR  322)  APD  curve  In  the  higher  amplitude 
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ranges  but  diverges  significantly  In  the  lower  amplitude  ranges;  although 
this  pulse  statistical  model  is  a good  approximation  to  measured  noise 
statistics  1r  the  Impulsive  range,  it  Is  clearly  not  sufficient  to 
describe  even  the  first  order  noise  statistics  over  a wide  amplitude 
'•4.  range,  At  this  point.  It  Is  not  known  to  what  extent  this  deficiency 
U\  the  noise  model  contributes  to  Inaccuracy  in  communication  system 
performance  analysis  based  on  this  model.  However,  as  noted  In  Chapter  1, 
the  quantitative  modem  perfonr.ance  estimates  obtained  by  the  use  of  this 
model. are  clearly  divergent  from  experimental  results.  In  conclusion, 

. this  noise  model,  although  It  accounts  for  noise  pulse  statistical 
oependendes.  Is  of  questionable  efficacy  for  conmunlcatlon  system 
perfo'-mance  analyses. 
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2.2.4  Poisson  and  Poisson-Polsson  Noise  Model  of  Furutsu  and  Ishlda  Cl 6] 
This  work  examines  the  envelope  of  the  output  voltage  of  a narrow- 

band  receiver  when  the  Input  consists  of  Independent  (polsson  distributed) 
Impulses  whose  amplitudes  are  exponentially  distributed.  In  addition, 
Poisson-Polsson  noise,  which  consists  of  Poisson-distributed  groups  of 
Poisson-distributed  Individual  Impulses,  Is  considered.  This  latter 
noise  process  model  was  specifically  devised  to  account  for  predischarge 
components  as  well  as  main  discharge  components  In  HF  atmospheric  noise. 

In  this  frequency  range,  computed  noise  APD*s  showed  good  agreement  with 
measured  noise  statistics.  At  VLF,  It  appears  that  noise  puise 
dependencies  might  be  accommodated  by  the  Poisson-Polsson  process. 

However,  this  has  yet  to  be  demonstrated. 

Although  the  work  of  Furutsu  and  Ishlda  treats  noise  processes 
which  have  some  physical  similarity  to  VLF  atmospheric  noise,  the 
probability  densities  obtained  are  mathematically  formidable  (In  terms 
of  Integrals).  Moreover,  the  exponential  pulse  amplitude  distribution 
Is  obviously  not  consistent  with  the  empirically  accurate  power-RayleIgh 
[10]  or  log-normal  [4]  representations.  Hence,  the  Poisson  or  Poisson- 
Polsson  process  results  of  Furutsu  and  Ishlda  are  deemed  unsuitable  for 
the  subsequent  analyses  In  this  dissertation. 

2.2.5  Amplitude  Distributions  of  VLF  Noise  by  Janis  GaleJs  [17] 


This  study  of  ELF  and  VLF  atmospheric  noise  APD's  proposes  that 
the  noise  APD  can  be  derived  from  the  peak  amplitude  distributions  of 
lightning  disdiarges  which  can  be  approximated  by  the  sum  of  two 
exponentials.  The  resultant  APD's  predicted  by  this  method  differ 
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greatly  from  those  actually  measured.  The  reason  for  this  discrepancy 
may  well  be  the  fact  that  propagation  effects,  such  as  considered  by 
Beckmann  [4]  and  Giordano  [18],  are  not  Included.  Significantly,  this 
analysis  Introduces  the  method  of  determining  the  probability  density 
of  the  noise  envelope  voltage  by  means  of  characteristic  functions. 
This  technique  Is  outlined  below: 

(1)  Let  the  received  noise  waveform  produced  by  a single 
lightning  discharge  be  given  by 

fc-t)  Cos[co,t  -h  0 (-t^  ^ 
where  f(t)  is  the  sum  of  two  exponentials. 


(2)  Assume  the  noise  voltage,  V,  Is  obtained  by  detection  In  an 
Integrating  filter  according  to 

(3)  If  the  phase  process  0 Is  nearly  constant  during  the 
Interval  (0,  T)  and  double  frequency  components  are  disregarded, 

(17)  becomes 


\/  ^ a COS  Q 

where 

-j=  f 


(18) 


(18«) 


CL  = 


f (f  ) Is  the  sum  of  two  exponentials,  and  p Is  uniformly  distributed  J 

on  (-fftfr)  and  statistically  Independent  of  a. 

(4)  The  joint  probability  density  function  of  a and  <9  Is  ! 

given  by  i 

I 

09) 

(5)  Consequently,  the  characteristic  function  of  the  observed 

» 

noise  voltage  Is  given  by  f 

/v6/)  = j 


This  Is  also  known  as  the  Hankel  Transform  of  the 
probability  density  of  a,  the  noise  envelope  voltage. 

(6)  Next  it  Is  assumed  that  noise  voltages  produced  by  n 
Independent  lightning  voltages  are  then  added  by  superposition  In  the 
linear  noise  receiver.  If  these  voltages  are  assumed  to  have  Identical 
statistics  and  to  be  mutually  statistically  Independent,  the  composite 
voltage,  V|,,  observed  at  the  noise  detector,  has  a characteristic 
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function  given  by 


h 

I 


/>,  U/)  = F,  Of) 

(7)  Now  It  Is  assumed  that  the  composite  observed  noise  voltage, 
V^,  can  be  expressed  as 


where  a^  Is  the  envelope  voltage  of  the  composite  noise  components 
and  ^1s  statistically  Independent  of  a^  and  uniformly  distributed  on 
(-TT.TT).  The  characteristic  function  of  Is  then  given  by 

(jf)  r.  C/a)  4, 0 )JA, 

where  fa^  (A)  Is  the  probability  density  of  the  composite  noise 
envelope  voltage. 

(8)  Applying  the  Inverse  Hankel  Transform  (A6)  to  (23)  the 
cumulative  noise  envelope  voltage  density  Is  found  to  be 


APD  by 


(24) 


(25) 


This  final  result  Is  then  Integrated  to  compute  the 
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(It  should  be  notud  that  Giordano  [18]  also  employed  this  procedure  In 
his  later,  more  comprehensive  noise  model  development.) 

2.2.6  Modeling  of  Atmospheric  Noise  by  Giordano  [18] 

This  VLF  atmospheric  noise  modeling  study  Is  a comprehensive 
synthesis  of  Poisson-related  noise  pulse  statistics,  narrowband 
receiver  response,  VLF  radio  propagation  effect,  and  geographical 
noise  source  distributions.  Here,  the  aforementioned  Hdiikel  transform 
technique  (see  2.2.5  Galejs  [17])  is  applied  to  the  development  of 
noise  APD's.  The  resultant  synthesized  APD's  are  shown  to  agree  with 
measured  data  where  the  best  agre«nent  occurs  at  the  highest  noise 
amplitude  levels.  In  addition  to  the  theoretical  synthesis  of  APD's 
in  this  work,  an  effort  Is  made  to  account  for  statistical  dependence 
between  the  occurrence  times  of  time  adjacent  noise  pulses.  In  this 
phase  of  the  synthesis,  the  noise  process  Is  approximately  characterized 
by  known  noise  pulse  level  crossing  statistics  and  noise  pulse  spacing 
statistics.  Unfortunately,  the  mathematical  representatlon(s)  of  this 
latter  process  are  formidable,  and  not  really  suitable  for  the  analysis 
of  non-linear  small  BWR  coherent  communications  systems. 

Overall,  this  work  does  show  that  the  geographical  distribution 
of  noise  sources,  radio  propagation  effects,  and  radio  receiver  Impulse 
response  can  be  combined  to  approximately  account  for  measured  VLF/LF 
noise  statistics.  On  the  other  hand,  the  results  are  not  readily 
applicable  to  the  analysis  of  small  BWR  non-linear  systems  and  the  first 
order  results,  useful  for  the  analysis  of  linear  and  large  BWR  non-linear 
systems,  are  less  precise  than  the  simpler  representations  of  Crichlow 
[10]  and  Berl^nann  [4]. 
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2.2.7  Multiplicative  Noise  Model  by  Hall  C2Q] 

This  noise  model  consists  of  a narrowband  lero  mean  Gaussian 
process  n(t)»  amplitude  modulated  by  an  Independent  stationary  process, 
a(t),  such  that  the  result, 

y(-t)  - (27) 

is  an  accurate  description  of  received  atmospheric  noise.  Hdl  asserts 
that  a good  fit  can  be  obt<.ir,3d  If  the  power  spectrum  of  the  baseband 
process,  a(t),  does  not  slgnif kantly  overlap  the  spectrum  of  the 
bandpass  Gaussian  process,  n(t).  This  "generalized  't'  model"  yields 
a closed-form  APO  representation,  P(E),  given  by 

PfF)  = " ■ r-  ' ■ <“> 

(f  ’ f-  . 

where  2 0 4 for  VLF  noise  and  ^ is  chosen  In  accordance  with 

0 and  an  "appropriate"  value  of  the  average  noise  envelope  voltage. 

This  APD  representation  provides  fairly  good  agreement  with 
measured  noise  data  of  medium  amplitude,  but  poorer  agreement  at  the 
amplitude  extremes.  One  obvious  drawback  In  the  use  of  this  model  for 
practical  system  analyses  Is  the  Indefinite  nature  of  the  parameters 
0 and  . Although  a fairly  good  APD  fit  to  measured  data  can  be 
obtained  by  a proper  choice  of  0 and  ^ , there  Is  no  spei'lflc  basis 
(I.e.,  bandwidth,  frequency,  or  other)  for  an  apriorl  selection  of 
these  parameters.  A final  observation  as  provided  by  Hall  Is  that 

2.  ^ ^ ^3  . This  Illustrates  that  (28) 
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cannot  correspond  to  physical  atmospheric  noise.  Because  of  this 
discrepancy,  a modification  to  (28)  is  Introduced  which  does  provide 
for  finite  average  noise  power.  This  modified  noise  model  results  In 
greater  mathematical  complexity  and  the  Introduction  of  the  additional 
Implicitly  defined  mathematical  parameters  5'  and ^ as  shown  In  the 
"modified"  APD  expression  for  9 * 3 


?iE) 


(29) 


In  addition  to  the  derivation  of  the  closed  form  APD  expressions 
(28)  and  (29).  Hall  also  derives  expressions  for  average  envelope 
crossing  rates  and  pulse  spacing  distributions.  These  latter  results 
also  Involve  the  model  parameters  9 and  / . 

Overall.  Hall's  noise  model  development  has  the  clear  advantage 
of  closed  form  mathematical  representations.  On  the  other  hand,  there 
are  significant  problems  with  Its  physical  validity,  the  selection  and 
use  of  Implicitly  defined  algebraic  parameters,  and.  consequently, 
the  model's  ultimate  accuracy. 

2.2j8  Noise  Model  Summary 

The  contributions  of  the  preceding  VLF  atmospheric  noise  modeling 
efforts  can  be  summarized  as  follows:  (1)  The  first  order  statistics  of 
atmospheric  noise  are  specified  by  the  noise  APD  for  the  envelope  and  a 
uniform  probability  density  for  the  statistically  Independent  phase; 

(2)  First  order  statistics  can  be  calculated  from  the  narrowband 
receiver  response  to  Inputs  of  various  Impulsive  noise  processes; 
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(3)  Measured  no1se-pu1se-spac1ng  statistics  show  that  times  of  noise 
pulse  occurrence  are  not  statistically  Independent  because  of  the  time 
dependence  of  multiple  strokes  In  a single  lightning  discharge.  This 
latter  situation  makes  the  employment  of  a Poisson-distributed  (reflecting 
statistically  Independent  pulse  occurrence  times)  Impulsive  noise  process 
genet^ally  Inaccurate.  Nevertheless,  It  Is  shown  In  the  next  section  and 
in  Chapter  5 that  the  Poisson-distributed  assumption  Is  sufficiently 
accurate  for  the  analysis  of  practical,  standard-rate  (70-100  words/ 
minute)  VLF  radio- teletype  systems. 


2.3  Noise  Model  for  Coherent  Modem  Analysis 


In  the  noise  models  various  mathematical  structures  have  been  proposed, 
and  modified  as  nec^^ssary,  to  approximate  the  compiled  noise  APD  data, 
account  for  receiver  response,  and  to  account  for  measured  pulse  time 
statistics  such  as  level  crossing  rate  and  occurrence-time  distributions. 
When  considering  the  various  models  for  a specific  problem.  It  Is 
desirable  to  choose  the  simplest  representation  which  Is  sufficient  to 
describe  the  system.  In  the  subsequent  performance  analyses.  It  Is  shown 
that  the  noise  envelope  voltage,  which  Is  described  by  the  APO,  and  the 

i 

statistically  Independent  noise  phase  suffice  for  the  treatment  of  linear 
systems.  This  Is  also  true  in  the  case  of  hard-limiting  large  BWR 
systems  where  Individual  noise  pulses  have  minimal  effect  on  detection 
error  probabilities.  On  the  other  hand,  the  predominant  cause  of 
detection  errors  In  the  hard-limiting  small  BWR  systems  Is  the  post- 


detection  noise  produced  by  distinct  noise  Impulses.  In  this  Utter 
case  It  Is  necessary  for  the  noise  model  to  account  for  noise  pulse 
statistics.  Because  of  these  two  distinct  situations  and  the 
desirability  of  using  the  simplest  adequate  noise  description  for 
system  analysis,  two  distinct  noise  representations  are  used  In  this 
dissertation. 

2.3.1  Linear  and  Pseudo-Linear  (Large  BWR  Hard-Llmiting)  Receiver 
In  tlie  case  of  linear  systems,  the  detection  process  Involves 
the  multiplication  of  the  received  signal  by  a local  coherent  reference, 
time  Integration  of  this  product  over  a decision  Interval,  and  a 
comparison  of  the  resultant  detector  functional  with  an  appropriate 
decision  threshold.  Mathematically,  this  detector  functional,  R^, 

Is  given  by 

/•r 

^ f S (-t)  C Ct)  cAt  (30) 

where  T Is  the  decision  Interval,  s(t)  Is  the  Incoming  signal,  and 
c(t)  Is  the  local  coherent  reference  signal. 

In  general,  the  incoming  signal  consists  of  the  desired  signal, 
proportional  to  the  coherent  reference  signal,  and  additive  noise. 

Thus, 


5(+)=Dci-t:)  + m(t) 


(31) 


or^  In  terms  of  the  cerrier  frequency, 
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SCi)  = PC(f)  cos  co.-t  -h  e(t)coj[a^,ti.0Ct2 

where  e(t)  end  0(t)  ere  the  nerrowbend  envelope  end  phese  of  the  noise 
process,  n(t). 

Substituting  (32)  Into  (30), 

/rV 

^ 2f  /l>CW[l  + coj-2cu.i]^t 
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/C0:)e (t)[cos(2W>t  +6  Ct) 

■fCoS  &(t)}oU:. 


D1srege»‘d1ng  high  frequency  terms,  this  yields  the  besebend 
functlonel,  R|,,  where 

.T  r 

/^i=  ^ ^ ■h^jcCt)eCi-)cos*o)clt^  <”> 

If  the  phese  process  Is  essumed  to  be  neerly  constent  throughout 
the  decision  Intervel  (thet  1s,  0Ct)=:O^  O^tr^T)  and  Independent  of 
e(t),  then  the  noise  component  of  the  functlonel  Is  given  by 


/7- 

^ Jcct)  e Mdi  ^ 


(36) 


Defining  the  nffectlvn  nolst  nnvnlcpe  voltage  to  bt 

4-  -.  -f  £ co  ) c , 

the  noise  component  of  R|j  can  be  expressed  as 

In  the  special  case  of  PSK  nx>du1at1on»  a constant  amplitude  and 
phase  coherent  reference  signal  Is  used  so  that  Cft)  ■ C.  It  follows 
that  (36)  becomes 

Ef.  - ^ , (”) 

(It  Should  be  noted  that  this  voltage  constitutes  an  observation  of 
the  noise  envelope  process  In  a detection  bandwidth  1/T  as  described 
In  2.1.  Hence,  It  Is  this  envelope  voltage  whose  statistics  are 
described  by  the  APO  curves  of  Figure  1.) 

This  may  also  be  written  ^n  the  form  of  the  convolution  Integral 

E/>  = / C(T-t)ea)Mt,  (38) 

where 

^ (i)  = J ^ (38a) 

l O . e/^tf 


Thus,  It  Is  Apparent  that  Ep  may  be  considered  as  the  response 
of  a linear  filter  at  t*T  to  the  Input  e(t)  where  the  Impulse  response 
of  the  filter  Is  given  by  C(t).  The  transfer  function  of  this  filter 
Is  given  by 
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Thus,  the  magnitude  squared  of  the  transfer  function, 

t H>  . Is 

= X.’  ri-e-'“n(i-o'“n 


(39) 
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(40) 
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It  follows  that  equivalent  noise  bandwidth,  Is  given  by 


''  ' , 


,»  f 


Applying  Parseval's  theorem, 
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Thus,  the  noise  component  of  the  PSK  detector  functional  can  b? 
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represented  by  an  envelope  voltage,  Ep,  at  a statistically  Indepeniient 
phase  angle  9 where  0 Is  uniformly  distributed  on  the  Interval  t , , 

(-  JT  • 7T  )•  The  envelope  voltage  Is  derived  by  the  linear  ♦■iitorlnyy? 
of  the  Input  noise  envelope  process,  e(t).  In  a noise  bandwidth  wiiv:b  y; 
the  Inverse  of  the  binary  element  length,  T.  The  method  of  CrU  5 iow 
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[11],  or  Figure  26  of  CCIR  322  [26],  enables  the  APD  of  the  no'se  In  ,'i» 
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receiver  bandwidth  to  be  converted  to  the  proper  APD  for  another  ba.ntf  ' ) 


width.  Therefore,  measured  or  tabulated  noise  process  APD'-  can  be 
converted  from  a reference  receiver  bandwidth  to  the  detection  bandwidth; 
B^,  so  as  to  yield  an  APD  which  defines  the  statistics  of  the  PSK  po«:r 
detection  noise  envelope  voltage  Ep.  In  conclusion,  the  measured  cr  , 
tabulated  noise  APD  (when  properly  translated  to  the  noise  bandwidth 
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or  matched-filter,  detector)  and  the  Independent 
'•ks^mlng  nearly  constant  noise  phase  over  the  detection  Interval), 
nt  to  define  the  post  detection  noise  component  of  the 


■'  {matched  filter)  detector  functional.  Because  of  this  result, 

?'?«  desirability  of  the  simplest  sufficient  noise  representation. 
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Cr‘chlow's  empirical  APD  description  Is  employed  In  the  linear  analyses 
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Chapter  4 aid  the  modified  linear  analyses  of  Chapter  b where  the 
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after  predetection  wideband  hard-limiting  Is  closely 
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approximated  by  atmospheric  noise  of  lower  power  and  Impulsiveness.  It 

I 

Hnowld  be  emphasized  here  that  this  selection  Is  only  on  the  basis  of 
does  not  preclude  other  noise  models  which  accurately 
. - , , '^des'cribe  the  noise  APU.  Thus,  other,  more  mathematically  complex,  noise 

1 . 'representations  could  also  be  used.  Nevertheless,  It  Is  believed  the 

Cfichlow  noise  description  Is  the  most  practical  for  linear  and  pseudo- 

I ■ * • - 

^ V (Urge  BWR,  hard-limiting  receiver.  Chapter  6)  system  analysis 

■ ^ ‘ , where  first  order  noise  statistics  suffice. 
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2 . 3 • 2 Hard-Limiting,  Small  BWR  Receiver 

The  second  required  noise  model  Is  one  which  accounts  for  the 
statistics  of  distinct  atmospheric  noise  pulses.  Here  again.  It  Is 
desirable  to  employ  the  simplest  sufficient  mathematical  noise  descrip- 
tion. In  terms  of  mathematical  tractablllty,  a Poisson-distributed 
(independent  times  of  occurrence)  sequence  of  noise  pulses  Is  the 
simplest  time-statistical  structure.  However,  as  shown  by  Beach  and 
George  [3],  multiple  noise  pulses  in  r.  given  lightning  discharge  have 
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statistically  dependent  times  of  occurrence.  Although  a Po1sson> 
distribution  Is  thus  generally  Inaccurata,  Its  simplicity  Is  so  attractive 
that  It  must  be  reconsidered  - even  If  only  as  an  approximation. 

First,  consider  the  case  of  independent  noise  pulses.  It  has  been 
shown  [13]  that  a sequence  of  pulses  whose  occurrence  times  are 
statistically  Independent  constitutes  a Poisson  process.  Here,  the 
probability  that  K noise  pulses  occur  In  T seconds  Is  given  by 

Fr  (K€  T)  = e ^ • («) 

where  <=K  is  the  average  occurrence  rate  and  6 signifies  "exists  In". 

Now,  considering  the  random  variable  t to  be  the  time  between 
pulses.  It  Is  seen  that  the  event  that  t exceeds  T coincides  with 
the  event  that  zero  pulses  occur  In  T seconds.  Hence, 

Pr(t>T)  =P^(k-oer) 

From  this,  the  probability  density  function,  -F^CT)^^  found 

to  be 

As  noted  by  Beach  and  George  [3]  and  Giordano  [18],  measured  pulse 
Interval  statistics  exhibit  this  behavior  only  at  the  lowest  amplitudes. 
At  the  higher  amplitude  levels  there  appears  to  be  a tendency  toward 
clustering.  This  clustering  effect  Is  attributed  to  the  statistical 
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dependence  of  pulse  occurrence  times  of  multiple- stroke  lightning 
discharges.  Beach  and  George  [3]  have  determined  that  the  probability 
density  function  of  the  time  Interval  between  successive  strokes  of 
such  multiple-stroke  discharges  can  be  approximated  by 


% 


where  h>0. 

This  expression  indicates  a maximum  pulse  density  In  the 
vicinity  of  T « 1/h  and  clearly  exemplifies  the  clustering  tendency 
as  opposed  to  the  Poisson  distribution  (44)  of  Independent  pulses. 

The  characteristic  function,  of  the  clustered 

pulse  Interval,  t,  Is  given  by 


yo  (L  i-j 
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Replacing  S 


G,  (s)  = 
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(47) 
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In  turn,  the  characteristic  function  of  the  sum  of  K such 


statistically  Independent  Intervals,  Is  given  by 


a/. 

(48) 

’ (T)] 

(49) 

where denotes  the  one-sided  Laplace  transform,  and 
Is  the  probability  density  function  of  t^. 

Now,  the  probability  that  tj^*^  T Is  given  by  the  probability 
distribution 


r 


Gt.(r)=/f'^ju)ju . 
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Its  Laplace  transform  Is 

^[G 


T 


= -sCGt^C^)  = r4 


sChi-S)‘-'‘ 

However,  the  event  that  tj^^  T Is  also  the  event  that  K or 


(51) 


more  pulses  occur  In  the  Interval  (0,  T).  Hence, 

ZAC 


X[rXr>  i « r)]  = ^ 


(52) 
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The  probebillty  that  exactly  K pulses  occur  In  the  Interval 
(0,  T)  Is  given  by 

( Ke  t)z  F,~(n  = r ) iki-r)  («) 

-P^(nik-ner), 

Hence, 

( Ke  t)]  = ^[F^(n  K€  f) -F-  f?>rHerJ! 

^^[Fr-  Ker)] 

~^[F^(n^k-^/erj] 
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(54)  can  be  rewritten  as 
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Thus,  performing  the  Inverse  transformation, 


Zk-hl 


FrUeT)- 


(2K)\  J. 

The  average  number  of  pulses  In  the  Interval  (0,  T)  Is  given  by 

oo 

^ = ^/<P^(KeT), 

. K=o 

Taking  Laplace  transforms  of  both  sides  of  (57)  results  In 


^[i^j  p.(k6t'^ 


K = o 


^ zh±^  ^ r 1 ^ 

since  h>  0 and  S can  be  chosen  such  that  /?e[^ J^O' 


I 


I 


% 


1 


Substitution  of  this  result  Into  (58)  yields 


^[K(fJ]  = -1^ 


s^(zh^s) 

- h_ L 
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2S^  Vi'  ^C^h-hS)^ 
Finally,  taking  the  Inverse  transform  results  In 


(60) 


k(t)  - ~ -h  -jj- 

This  latter  result  shows  that  the  pulse  occurrence  rate  Is  not 
constant  for  the  multiple  clustered  pulses  of  a given  lightning 
discharge.  On  the  other  hand,  the  pulse  occurrence  rate  Is  constant 
for  the  former  case  of  statistically  Independent  occurrence  times. 
Moreover,  the  statistical  distributions  of  pulses  In  the  Interval 
(0,  T)  given  by  (42)  and  (56)  are  clearly  dissimilar.  Because  of  these 
dissimilarities,  one  might  expect  that  modem  error  rate  computations 
which  depend  on  the  probability,  would  likewise  produce 

greatly  dissimilar  results  for  the  two  pulse  statistical  distributions. 
The  "real-world"  situation  likely  Involves  both  Independent  Individual 
pulses  and  clustered  pulses.  Thus,  the  most  representative  statistical 
distribution  can  be  expected  to  yield  quantitative  results  lying  some- 
where between  the  two  extreme  cases  of  all  Independent  pulses  and  all 
clustered  pulses. 

Fortunately,  these  two  bounding  pulse  statistical  distributions 
are  shown  In  Chapter  5 (see  Figure  2.3)  to  yield  virtually  equivalent 


1 

I 

\i 

i' 

k 


r 

f 

\ 


55 


^ - - 

error  rate  characteristics  for  both  CFSK  and  MSK  detection.  Moreover* 
the  error  rates  calculated  In  accordance  with  (42)  (for  all  pulses 
occurring  at  statistically  Independent  times)  arc  seen  to  correspond 
slightly  more  closely  to  the  measured  data  than  those  computed  by  (56). 
In  view  of  the  virtual  equivalence  of  the  computed  results  and  the 
greater  mathematical  simplicity  of  the  Poisson  distribution  (as  well 
I as  slightly  better,  correspondence  to  measured  performance),  the  Poisson 

' assumption  was. used  for  the  computation  of  error  rates  In  this 

f dissertation. 

To  complete  the  specification  of  the  noise  model  for  the  hard- 
llmltlng,  small  BWR  system.  It  Is  necessary  to  describe  the  amplitude 
^ distribution  of  the  noise  pulses  In  a detection  Interval.  As  previously 

discussed,  the  steep  Power-Rayleigh  (or  Log-Normal)  portion  of  the  noise 
APD  describes  the  envelope  of  the  impulsive  portion  of  the  noise.  The 
' following  discussion  shows  that  the  noise  envelope  voltage,  as  observed 

^ at  the  output  of  a narrowband  receiver,  1s  directly  proportional  to  the 

Input  noise  pulse  amplitudes.  Hence,  the  noise  pulse  amplitudes  must 
also  have  a Power-Rayleigh  (or  Log-Normal)  statistical  distribution. 

^ ^ To  begin  the  discussion,  consider  the  affect  of  linear  bandpass 

filtering  (typical  of  a narrowband  receiver)  on  received  atmospheric 
noise  Impulses.  To  minimize  complexity,  the  bandpass  filter  which  Is 
analyzed  Is  an  RLC  filter  of  the  form  shown  In  Figure  2. 
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Figure  2.  Bandpass  Filter 

This  filter  has  a transfer  function,  H,  (j^)  . given  by 

H,  Quj)  = 

R-cu^RLC+j^uL 


-J2i>,  CO 


(62) 


and  CO  Is  the 


where  ^ ~ • ^/  = 

angular  frequency  In  radians/sec.,  the  3 dB  (or  half-power)  bandwidth 
Is  2b<{  radians/sec.,  and  the  equivalent  noise  bandwidth  Is  Hz 

or  Trljf  radians/sec. 

The  Impulsive  Input  to  the  filter  (receiver)  Is  an  antenna  voltage 
which  Is  produced  by  the  radiation  from  lightning  discharges.  A typical 
stroke  of  a lightning  discharge  consists  of  a very  large  electrostatic- 
discharge  current  conducted  over  an  Ionized  path  between  clouds  or 
between  a cloud  and  ground.  Because  of  the  magnitude  of  thr  conduction 
current  and  the  rapid  rise  and  decay  times,  substantial  electromagnetic 
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energy  1s  radiated.  An  expression  for  the  vertically  polarized 
electric  field  (principal  component  of  the  Poynting  vector)  radiated 
by  a typical  lightning  stroke  has  been  developed  by  Watt  [54]  and  Is 
given  by 


=:  (i:)  (63) 

/ . 

where  }?^(<^1s  the  time  derivative  of  the  Instantaneous  rurrent-helght 
moment  In  ampere  meters/ second,  d Is  the  distance  from  the  source  In 
meters,  and  d Is  much  greater  than  the  discharge  height. 

Because  the  rise  and  decay  of  the  stroke  current  are  extremely 
rapid  (on  thj  order  of  microseconds),  the  current-height  moment  can  be 
closely  approximated  by  an  Impulse  function.  With  this  approximation, 
a lightning  stroke  at  time  to  produces  an  electric  field  at  d meters 
given  by 


E.  (t) 
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/O^U  dt 


(64) 


where  (^  • J Is  the  unit  Impulse  function  and 

Mj.  = f )r?j.  Ct)A-t  . 

In  turn,  the  antenna  voltage  Is  proportional  to  this  electric 
field  so  that  the  receiver  Input  Is  of  the  form 


eAi)- 


(65) 


This  input  has  the  Fourier  transform*  f ^ (o  tv)  » given  by 

fzo  C 

^ OcP 
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The  output  of  the  filter.  e^Ct),  Is  then  given  by 


lrrl2> 


- I 


2P,i,co^€-'^  /u, 


2.TT  J_^Co'^-cVc'^~J2i,cO 
Assuming  cajJ^  , as  1s  usually  the  case, 

e,  i-t)  ==  ^ 

Tr  J (aJ-OU» 


PI.  I rr7^.^A.fe'^‘^> 

OUo  Z7T J L Cof-COff 

- oo 

r </^ ! )^ 1 

(cut-ccf*  -J^,)  J 


— y J=>  L ~ 

6,  Ci)  = ' ICc^M.Vs/joO^Xt't^) 

^2co^l>,C0S  Ca.(t-t^  (68) 


Now.  assuming  i>,  .It  follows  that 

6,  (ir)  ^ -2  p,  00,  C ' Sin  C44(t~t,)^ 

This  can  also  be  written  as 

it)  = C C t)  Cr>S  t -h  OOrj]  ^32) 

where 

ec-^^  =2 1>.  p,  co^  ^ *'*  ^'^ucp-t.) 

U C ^ ) Is  the  unit  step  function,  P Is  the  received  pulse  ar(p‘’1tude, 
and 

e(t) -oo.t.  \ (7>) 

Substitution  of  (70)  Into  (36)  yields  tie  observed  envelope 
voltage,  E(to),as  a function  of  the  time  of  pulse  occurrence: 

j" 

/e' ■ ^°ht) UCt- t.yt. 

A‘,sume  that  the  occurrence  time,  to.  Is  uniformly  distributed  with  a 
probability  density,  fto(To),  of  1/T  over  the  observation  Interval 
(0,  T).  Hence,  E,  the  expected  (or  effective)  value  of  the  observed 
noise  envelope,  given  P,  Is  obtained  by 
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(72a) 


- t B (7^)  f(^(To)dB 


-=  J^ 


JiT, 


c c Md  t . 


This  result  shows  that  the  noise  envelope  voltage^  E,  resulting 
from  a single  noise  Impulse  Is  directly  proportional  to  the  received 
Impulse  amplitude,  P.  Therefore,  the  probability  densities  of  E and 
P hcve  the  same  functional  form.  In  conclusion,  then,  the  received 
pulse  amplitudes,  P,  must  also  have  a power  Rayleigh  (or  log-normal) 
APD,  just  as  the  observed  noise  envelope  voltage,  E. 
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Chapter  3 

COHERENT  MODULATION  - DEMODULATION  (MODEM)  SYSTEMS 
FOR  VERY  LOW  FREQUENCY  (VLF)  AND  LOW  FREQUENCY 
(IF)  RADIO  COMMUNICATION 


3.1  General 

Radio  communication  at  VLF/LF,  because  of  bandwidth  constraints. 

Is  restricted  to  binary  teletype  at  rates  on  the  orderof  100  words/mln 
(75  bits/second)  or  less.  Also,  VLF/LF  communication  channels  are 
usu'lly  limited  In  range  by  ambient,  highly  Impulsive,  atmospheric 
noise  rather  than  receiving  system  Internal  noise  [54].  Here  the  high 
level  of  this  noise  environment  and  ultimate  transmitter  pf  /er  and  cost 
limitations  make  the  Increased  efficiency  of  coherent  modulation  and 
detection  desirable.  Fortunately,  VLF/LF  propagation  Is  characterized 
by  minimal  signal  fading  and  very  high  propagating  signal-phase 
stability.  Thus,  coherent  modulation  and  detection  is  a practical 
scheme  for  VLF/LF  radio  communication.  Because  of  the  attractiveness 
of  coherent  synchronous  operation,  coherent  modems  are  rapidly  supplanting 
the  older  non-coherent,  and  often  non -synchronous,  modems  In  VLF/LF 
communication  systems. 

Although  the  foregoing  considerations  Indicate  the  suitability  of 
synchronous  coherent  VLF/LF  communication,  the  number  of  possible 
modulation  techniques  Is  greatly  limited  by  two  practical  system 
constraints.  First,  because  of  the  narrow  bandwidth  (h1gh-Q)  of 


efficient  transmitting  antenna  systems,  transmitted  signal  waveforms 
must  be  continuous  so  as  to  minimize  transient  effects  produced  by 
modulation  transitions  (teletype  keying).  Second,  because  practical 
transmitting  antenna  systems  are  peak-power  (Insulator  voltage) 
limited,  constant  amplitude  signals  are  necessary  to  maximize  the 
power  radiated  from  the  antennas.  These  restrictions  dictate  the  use 
of;  (1)  Angle  modulation  to  maintain  constant  signal  amplltuvia,  and 
(2)  Frequency  shift  keying  (FSK)  rather  than  phase  shift  keying  (PSK) 
to  maintain  signal  waveform  continuity.  Here,  a synchronous  coherent 
FSK  signal,  s(t),  can  be  mathematically  specified  by 

(73) 

K = C 

where  S Is  the  signal  amplitude.  Wo  Is  the  nominal  carrier  (or  center) 
frequency  In  rad1ans/sec. , according  to  the  state  of  the 

binary  data  element,  M Is  the  FSK  modulation  Index,  and  T Is  the 
length  of  a binary  signal  element. 

It  Is  apparent  that  each  of  the  possible  shift  frequency 
components  retains  a constant  RF  phase  angle  and  Is  suitable  for 
coherent  detection.  However,  this  formulation  does  not  assure 
waveform  continuity  at  frequency  shifts.  Addressing  this  problem, 
consider  the  signal  voltage  at  the  end  of  the  K^*'  element,  , 

given  by  v 

S(KT-)^^ccs(uj.-tU^)KT 

^Scos(uJ,KT+UMKJr), 
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Postulating  a frequency  shift  at  t = KT  so  that  iKt-i  » it 

follows  that 

S(KT^)  --  S <loS  ^ Ist!  f') KT 

^ S cos  (lO,KT -t  M KTt) 

~ S' c,oS  (oOoKT- L kM  KTT)^  (7fj) 

Continuity  requires  that 

S(KT')  =S(KT*) 

or 

CosC^ckT  -hUMKTr)  = Cos  (ou^KT-LkMKTT) 
or 

Sin  oo.kT  S'tnMKTF^  0 , 

since  K 1s  an  Integer,  then  M must  also  be  an  Integer.  Thus,  a 
coherently  detectable  FSK  signal  whose  shift  frequency  components  each 
have  long-term  phase  coherence  rmist  have  an  Integer  modulation  Index. 
Consequently,  the  minimum  non-zero  modulation  Index,  M,  Is  one.  The 
generation  and  coherent  detection  of  this  FSK  (CFSK,  M = 1)  signal  Is 
discussed  In  Section  3.3. 

Now  consider  an  alternative  to  the  above  condition  of  true  long- 
term signal  coherence.  If  the  Kth  signal  e^m&nt(sC't)^(l<-i)T^tr^kT) 
Is  permitted  to  be  either  phase  coherent  or  shifted  In  phase  by  7T 
radians,  then  (75)  becomes 

S(KT^)  = ±Sccs(u).KT-if,MKrrX  (78) 


Hence,  the  waveform  continuity  condition  becomes 


C0S(cUol<T~  ±Cd>s(uJcl<T  f-LK'^KTr)  (79) 


Assuming  phase  coherence  for  K even  and  antiphase  coherence  for 
K odd,  (79)  yields 


SL  n u)oKT~  ikMKTr  -0  ^ K e/en 
CoS  (aj.KT  coS  Ck  MKfT-Oy  K o , 


It  Is  readily  apparent  that  (80)  1s  satisfied  for 

N + -k  , ±1,  *2^  • • • ^ 

Thus,  a modulation  Index  of  an  integer  plus  1/2  yields  a continuous 
FSK  waveform  whose  shift  frequency  components  are  phase  coherent 
(Modulo  TT  radians).  The  case  where  M = 1/2  Is  especially  significant 
in  that  the  optimum  MSK  modem  employs  an  FSK,  M = 1/2  waveform.  This 
system  Is  discussed  in  Section  3.4. 

Although  the  requirement  for  waveform  continuity  precludes  the 
use  of  coherent  phase  shift  keying  (PSK)  for  practical,  high-powered, 

VLF/LF  signal  transmission,  a consideration  of  PSK  is  Invaluable  for 
the  later  analysis  of  the  practical  CFSK,  MSK,  and  CSK  systems.  (The 
CSK  modem,  described  in  Chapter  5,  employs  MSK  detection  and  differential 
post-detection  logic  to  demodulate  the  data.)  The  biphase  (phase  reversal) 
PSK  technique  1s  somewhat  simpler  to  describe  and  analyze  than  the 
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coherent  FSK  systems.  Moreover,  the  mathematical  description  of  the 
PSK  post-detection  noise  voltage  magnitude  (or  envelope)  [10]  closely 
describes  the  actual  APD  statistical  measurement  process.  Thus,  the 
discussion  and  analysis  of  the  PSK  system,  presented  In  Section  3.2, 
provides  Insight  to  and  a standard  of  comparison  for  the  FSK  modems. 

3.2  Coherent  Phase  Shift  Keying  (PSK)  Modem 

The  coherent  PSK  modem  provides  a useful  performance  standard  for 
assessing  the  performance  of  coherent  binary  modems.  Although  Its 
discontinuous  signal  waveform  Is  Incompatible  with  high-powered  VLF/LF 
transmitting  systems,  It  provides  mathematically  optimum  detection 
efficiency  In  a non-fading  white  Gaussian  noise  environment  [50]. 

Thus,  the  PSK  system  is  an  appropriate  choice  for  a theoretical 
consideration  of  coherent  modems. 


Figure  3.  Coherent  Phase  Shift  Keying 
(Biphase  PSK)  Detector 
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Figure  3 Is  a functional  block  diagram  of  a coherent  PSK  detector. 
Here,  the  Input  signal  plus  noise,  s(t).  Is  given  by 


S (t)  ^ ScoS  ((^o  t i- h^u)  -hnC'^)y 

t ^ (Ki-0%  K=o,/, 


(82) 


where  S is  the  signal  amplitude,  cOo  is  the  angular  car**1er  frequency, 
h|^  = 0,  1 according  to  the  binary  state  of  the  Kth  data  element,  n(t) 

Is  the  additive  noise  process,  and  T Is  the  length  of  a data  element. 
The  coherent  reference  signal,  c(t).  Is  given  by 

cC-t)  = S,CoS  OJ.t.  (83) 

The  output  of  the  Integrator,  Rj,  (also  designated  the  PSK  detector 
functional)  Is  given  by 


To  facilitate  further  development.  It  Is  convenient  to  express 
n(t)  as 

n(-t)  = (88) 
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where  e(t)  and  Q(t)  are  the  noise  envelope  and  phase  processes, 
respectively. 


1 

I 


I 


/ 


Also,  noting  that  the  carrier  frequency,  UJa  , Is  typically  much 
greater  than  the  signal  and  noise  process  bandwIdtNs  at  the  detector 
Input,  It  Is  apparent  that  the  double  frequency  components  In  the 
Integrand  of  (84)  contribute  negligibly  to  the  value  of  the  functional 
R(j.  Thus,  It  Is  reasonable  to  neglect  these  high  frequency  components 
and  consider  the  baseband  component,  R5,  of  the  functional.  Substituting 
(85)  Into  (84)  and  neglecting  high  frequency  components. 


^ CoS  (^n) 


■CKHjT 

f e(t)cos  ^(0 


2T 


kr 


V 

V 


\l 


} 

t' 


since  the  VLF  atmospheric  noise  process  has  been  observed  to  be 
approximately  stationary  for  up  to  10-15  minutes,  the  time  base  of 
the  Integral  In  (86)  may  be  translated  to  k = 0 (for  small  k)  to  yield 


R 


55^, 

2 


cos(hK  rr) 


"1“ 


S,  / 


,r 

eC-t)cos 


(87) 
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The  binary  decision  Is  based  on  the  algebraic  sign  of  the  detector 


functional  Rjj.  Thus,  the  probability  of  a decision  error,  Pgp,  Is 


given  by 

Pep= 


(88) 


If  the  channel  1$  syemetrlc,  then 
and  (88)  simplifies  to 

Pep=  Pr(Ri,  I h^=l) 

= rrfeii)cos 

= p^ff  feCt)cos 8C-k)  ^ s]  , 


Further,  If  the  phase  process  0(t)  Is  assumed  to  vary  slowly  with 
time  so  as  to  be  nearly  constant  throughout  the  Interval  (0,  T),  then 
the  replacement  of  0(t)  by  the  random  variable  0 yie.ds 

~T 

Fep  = Pr[  (90) 


This  expression  Is  employed  In  Chapter  4 to  derive  quantitative 
PSK  error  rate  performance  In  atmospheric  noise.  However,  for  the 

I 

comparative  analyses  of  CFSK  and  MSK  detection  In  this  chapter,  It  Is 
necessary  to  determine  the  mean  and  variance  of  the  PSK  detector 
functional.  Let  the  noise  process,  n(t),  be  expressed  In  terms  of 
Its  quadrature  com;  onents  by 

f • 

n (-t)  = n^(t)cos  - risC^)s/ncv^t, 

Here,  the  quadrature  components  of  the  process,  n^^Ct)  and  ng(t),  art 
assumed  to  be  zero  mean  and  uncorrelated  so  that 

e|"kic  (t)j  ^ E-j^ns  (t)j  = Ejric 0. 


Moreover,  each  Is  assumed  to  be  approximately  white  and  of  equal 
spectral  Intensity  Nq/2  watts/Hz.  Thus, 


Because  the  noise  spectrum  Is  assumed  to  be  even  around  the  carrier 
frequency,  It  also  follows  that 

R,y  (t,  O-  ElnMnUt.)  = ) 

^ ^ (93a) 

(tj}=  0. 

Substituting  (91)  Into  (84)  and  neglecting  the  double  frequency 
components,  the  baseband  detector  functional,  R^,  Is 

=^cos(h^Tr) 

yCKtOT  W) 


r 


The  mean  value  Is  given  by 


= e[rJ=  ^cos(h^-rr) 

S,  7 

ijy  E 


The  variance  Is  given  by 

Var(Ki)=(l^L-^S 


— rr  . ' 

In  the  special  case  where  the  noise  process  Is  Gaussian*  the 
detector  functional,  R^,  1s  a Gaussian  random  variable.  Here,  the 
probability  of  error,  Pg,  Is  given  by  (88a) 

Pep  = olh^^) 

oo 

' YIrP  ^ 

oo 


- 1/* 

e ^1/ 


( 


(98) 


Since  S Is  the  received  signal  amplitude, Is  the  received 
signal  power.  Also  from  (41),  [/T Is  the  detector  noise  bandwidth  so 
that  ^o/lT  Is  the  receive?',  noise  power  In  the  detection  bandwidth. 

Hence,  the  argument  of  Erf(«)  In  (98)  Is  simply  the  received  s<gnal-to- 
nolse  voltage  ratio  as  referenced  to  the  detection  bandwidth.  In 
Chapter  4,  the  direct  numerical  evaluation  of  (90)  for  Gaussian  noise 
Is  shown  to  coincide  with  this  latter  well  known  theoretical  result. 

3.3  Coherent  Frequency  Shift  Keying  (CFSK.  M = 1)  Modem 

(1)  The  only  coherent  modem  now  used  for  VLF/LF  communication  Is 
the  coherent  frequency  shift  keying  (CFSK,  M « 1)  system.  This  technique, 
as  shown  In  Section  3.1,  employs  two  shift  frequency  signal  components 
which  are  characterized  by  long  term  phase  coherence.  The  modulation 
Index,  M,  Is  chosen  to  be  an  Integer  to  Insure  continuity  Is  maintained 
In  the  signal  waveform  at  all  times  during  frequency  shift  modulation. 
Mathematically,  the  transmitted  CFSK,  M » 1,  waveform  Is  described  by 
(73)  where  M = 1. 

The  addition  of  the  additive  noise  process  n(t)  to  this  transmitted 
signal  then  yields  the  following  mathematical  expression,  s(t),  for  the 
received  CFSK,  M = 1 , waveform 

s (t)  ^ Scos 

(99) 

Kr^  t ^ Ck+Ot, 
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where  S Is  the  received  signal  amplitude,  cO»  Is  the  nominal  carrier 
(center)  frequency,  and 

i^-  I -2k,  (»•) 

(where  h|(  * 0,  1 according  to  the  binary  state  of  the  kth  data  element) 


Figure  4.  Coherent  Frequency  Shift  Keying 
(CFSK,  M = 1 ) Detector 


Figure  4 1s  a functional  block  diagram  of  a CFSK  detector.  Here, 
the  Input  signal  plus  noise,  as  defined  by  (99),  1s  coherently  detected 
In  two  parallel  correlators.  The  coherent  reference  signals,  ci(t) 
and  C2(t),  are  given  by 


and 


C,  (-t)  = S,  CoS  CmJ.  ~ 

Ci  (t)  Si  cos  (co.  +^)t. 

The  outputs  of  the  two  correlators  are  (utilizing  (91)) 

, (K  ^-l)T 

Rd,^rf  sa)c,c-t)oit 

“ T (cv.  ^ i- 

-f-  He U)cosCV»t  -r)j(^)sih 


(100) 


(101) 


(102) 


Coj(iO^'  ^)t'] 


~ Tj  [Scos(ou»  + 

^ ^ - X 003) 

+ n^(^)  CoS  (Jj»t  -Hs  Ct)s/^ 


^ j^S,  CoS  (oo,  'J  • 


Neglecting  double  frequency  components  In  the  Integrand, 

^di  ^ / coy  i-  l)  o(t  y- 


and 


'Kr 


^ ^(Ki-Or 

^ ^ I / \ 

/<r 


TTt' 


004) 


- a)  sin 


R 


Jiz 


(105) 


Since  /r  ^ ^ ~ B ~ O .It  Immediately 


follows  that 


R 


di 


2 r 


CK-tOT 


CoS  (C^  -h  c(t 

K r 


(106) 


and 


Under  the  hypothesis  /i  — 0 [ 1 (from  (99a))  (106)  and  (107) 

yield  the  conditional  detector  functionals! 


R 


jo 


= O 


' 2 . 

Alternatively,  the  hypothesis  hj^  = 1 leads  to 


(108) 

(109) 


(110) 


(111) 


These  latter  results  Illustrate  that  the  two  shift  frequency  signals 
are  orthogonal  on  the  Interval  ( KT ^ (f<^0T  ) for  Integer  k's. 

Proceeding  to  a consideration  of  the  noise  components  of  the  two 
detector  functionals.  It  Is  convenient  to  define 


. — ^ /'CfCi-OT' 

^kT 


(112) 


- n J C-t ) 5 In 
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The  decision  rule  for  the  detector  Is  based  on  the  algebraic  sign 
of  ( kjd  - kj2  Under  the  hypothesis  hj^  = 0,  a decision  error 
occurs  when  ( R^,}^  - R42/0  ®od  under  h|^  = 1 an  error  occurs 

when  (Rj/j,  - Rdzjt  ) ^ 0 > Thus,  the  probability  of  decision 
error,  Pg^.,  Is  given  by 

Pec  = Fr[Uji>lo  - F42,J>^] 

014) 

If  the  channel  Is  symmetric,  then 


(115) 


and  (114)  simplifies  to 


Ppc  ^ P^L(Pdlh  Pci2/i)  ^ 


-=:  1>  SS  ( 


+-  A/, -A/.  O 


3.3.1  CFSK  Post-Detection  SIgnal-to-Nolse  Ratio 


Examining  the  noise  component  of  (116),  the  total  post-detection 
noise  power  !s  given  by 


C/Vx-A/,r  = lE  / /V,"  - 2 fv.  A/^  -h  N,^  ^ ^ 


Utilizing  (112).  It  Is  found  that 


HT 

‘'Ei 


o{t,  f 

'i^r  Jkt 

n^(ir,)cos 


TTt, 

T-'^sC 


[nMo 


TT&i, 

CCS  y~ -ns 


X 


I^E'fn^  (^t)  ^ t.^^E)ccts 


+ E (n^(i,)ns(t,)s,''^ 

- EW(t.)r>j(irOccS- 


f 


di: 


, / di:^ 


KT 


-X 


Similarly,  utilizing  (113), 


Finally, 


ff/v.-j  - 
B fw,  = 


s/n- 

8 T 


(119) 


HT\ 


/ dti  ^ 


KT 


"Kr 


^ L^ncCt,)cos^ -nsCt)s,\^y 
^[fOc  Ci:^.)coS  ^ 


HT 


XKi^or  xi<-i-i)T 

? / 


'kT 


'KT 


{5  [h^(t,)n.  (tj)jco! 

'SjpsCi,)  ns  in  JV« 


m 

r 


4-£^/9^  (t,)ns  (ti,)JcoS 
-E  [ns  Ct;)n,  (t,)j  s,n  ^ c.s 


CK-ti)T ^(KrOr 

i_lj.  j dt,  j c4t:^  X 
KT  '^K^T 


/'(Ktl)T 

Ot**.  / n OS  r=zr— 


'=  O (120) 


Substituting  (118),  (119),  and  (120)  Into  (117),  the  total  post- 
detection noise  power  Is 


(n^'N,X  = M'-/-  A// 


HT  • 


(121) 


It  should  be  noted  that  the  CFSK  post-detection  noise  power  Is 
exactly  twice  that  of  the  PSK  detector  given  by  (96).  On  the  other 
hand,  the  magnitude  of  the  mean  values  (signal  component)  of  the  final 
CFSK  and  PSK  detector  functionals  are  equal  and  given  by  (95,  PSK)  and 
(106,  107,  CFSK)  as 


tL\  'Mz 


2^  . 


(122) 


Hence,  for  equal  Input  signal  powers  and  equal  noise  Intensity,  the 
post-detection  signal -to-nolse  ratio  of  the  CFSK  system  Is  exactly 
one- half  (or  -3  dB)  that  of  the  PSK  system. 

In  the  special  case  where  the  Input  noise  Is  Gaussian,  the 
resultant  noise  components  produced  In  the  linear  detector  functionals 
are  Gaussian  random  variables.  Thus,  the  condition  of  a 3 dB  higher 
signal -to-nolse  ratio  In  the  PSK  detector  suffices  to  show  that  the 
CFSK  system  requires  exactly  twice  the  signal  power  as  does  the  PSK 
system  for  a given  error  probability  (at  the  same  data  rate  and  In  the 
same  Gaussian  noise  environment).  On  the  other  hand,  this  3 dB 
difference  In  post-detection  signal -to-nolse  ratios  does  not  necessarily 
Imply  an  exact  3 dB  difference  In  detection  efficiencies  for  non-Gausslan 
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noise.  The  following  discussion  develops  a general  relationship 
between  the  PSK  and  CFSK  po::t-detect1on  noise  voltage  probability 
densities  and  the  consequent  error  rate  characteristics.  This  result 
Is  of  primary  intere^^t  for  non-Gausslan  noise,  but  It  Is  also  valid 
for  Gaussian  noise. 

3.3.2  Relationship  of  CPSK  Post-Detection  Noise  to  PSK 
Post-Detection  Noise 

3. 3. 2.1  Equivalent  Noise  Bandwidths  of  the  PSK  and  CFSK  Detectors 
In  the  PSK  detector,  the  observed  noise  envelope  voltage  Is 
given  by  (36)  where  cCt)  ^ (Z  . From  this  (41)  gives  the 
equivalent  noise  bandwidth.  Bp,  of  the  PSK  detector  (or  matched 
filter)  as 

=i/r  '♦’> 

where  T Is  the  bit  length. 

In  the  case  of  the  CFSK  detector,  the  observed  noise  envelope 
voltage  Is  given  by  (36)  where  C (t)  ^ . 

This  defines  the  CFSK  post-detection  noise  envelope  voltage,  Ec,  as 


(123) 


This  can  also  be  expressed  In  the  form  of  the  convolution  Integral 
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From  this  It  Is  apparent  that  may  also  be  considered  to  be  the 
response  of  a linear  filter  ai  t ■ T to  the  Input  e(t)  where  the 
Impulse  response  of  the  filter  Is  given  by  C(t).  The  transfer 
function  of  this  filter  Is  given  by 
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The  equivalent  noise  bandwidth  of  this  filter  Is  then  given  by 
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Applying  Parseval's  Theorem,  this  becomes 

Zoo 

cCt)"'dt 
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= TT  ^ 


(126) 


Hence,  the  ratio  of  the  CFSK  and  PSK  detector  equivalent  noise 
bandwidth  is 

B.c  /^„  = TTV'V  = /.23  3 7.  027) 

This  result  implies  that  the  V^j  ratio  of  the  CFSK  post-detection  noise 
corresponds  to  an  observation  tandwic’th  TT^that  of  the  PSK  detector. 
In  the  case  of  non-Gaussian  noise,  the  ratio  of  the  VFSK  post- 
detection  noise  can  be  found  by  ennploylng  this  noise  bandwidth 
conversion  and  the  Vj  ratio  for  ?SK  post-detection  in  Figure  26  of 
CCIR  322  [26].  The  quantitative  effect  of  this  bandwidth  conversion 
is  that  the  Vj  ratio  (or  impulsiveness)  of  the  CFSK  pest -detect ion 
noise  is  slightly  greater  than  that  of  PSK  noise.  In  Gaussian  noise. 
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on  the  other  hand,  the  bandwidth  conversion  does  not  affect  the 
Gaussian  character  of  the  post-detection  noise  components.  Thus  the 
noise  bandwidth  conversion  principle  Is  Independent  of  the  earlier 
observation  that  ^he  PSK  detector  Is  exactly  3 dB  more  efficient  than 
the  CFSK  detector  In  white  Gaussian  noise.  However,  at  this  point.  It 
Is  valuable  to  seek  some  substantiation  for  the  bandwidth  convev'slon 
principle  In  approximately  white,  non-GausjIan,  atmospheric  noise.  To 
this  end,  the  following  approximate  analysis  Is  presented. 

3. 3. 2. 2 Numerical  Estimation  of  the  Statistics  of  CFSK  Post-Detection 
Noise 

3. 3. 2. 2.1  Partition  of  the  PSK  Detector  Noise  Functional  Into 
Statistically  Independent  Voltages 

First,  consider  the  possible  subdividing  of  the  PSK  detector 
noise  functional.  The  PSK  post-detoctlon  noise  voltage,  Np  , Is  given 
by  the  second  term  of  (94} 


(128) 


Assuming  the  noise  process  nc(t)  Is  approximately  stationary  over 
several  bit  Intervals,  K can  be  specified  as  zero  without  affecting 
the  statistics  of  Np.  This  results  In 

~ f (129) 
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This  expression  can  be  rewritten  as 


^ I 


(130) 


where 


.KT/hn 

Again,  approximate  statlonarlty  Implies  that  the  Npi^'s  have  Identical 
probability  densities.  Moreover,  It  should  be  noted  that  the  Np|('s 
constitute  noise  voltages  as  obtained  by  detection  In  the  noise 
bandwidth  M/T,  which  is  M times  as  great  as  the  overall  detection 
Uindwidth,  1/T,  Therefore,  it  can  be  concluded  that  the  variance  (or 
effective  noise  power)  of  each  Npi^  Is  M times  as  great  as  that  of  Np. 
A1  so. 


KT/m  jrLT/M 
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(131) 


In  the  case  where  the  noise  Is  approximately  white  and  of 
spectral  Intensity  Nq/2,  application  of  (93)  yields 
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Hance,  the  voltages  iNpj^  are  uncorrelated.  Now  It  Is  postualted  that 
the  Npi^'s  are  statistically  Independent  for  an  appropriate  (but  as  yet 
undetermined)  M'so  that  the  probability  density  of  Np  equals  the  Mth 
order  convolution  of  the  probability  densities  of  (Np|^/M).  (The  scale 
factor  Is  necessary  to  obtain  equal  variances).  Mathematically, 
this  can  be  written  as 


(In  the  special  case  of  white  Gaussian  noise,  (133)  holds  for  all  values  o-f 
M because  uncorrelated  Gaussian  samples  are  also  statistically  Independent.) 

In  order  to  determine  the  existence  and  proper  value  of  M for 
(133)  to  hold  for  the  non-Gausslan  atmospheric  noise  case,  Mth  order 
convolutions  of  the  probability  densities  of  (Np|^/h)  were  evaluated  by  a 
numerical  Integration  procedure  similar  to  that  described  In  detail  In 
Chapter  6.  Here  the  probability  density  of  the  samples,  (Npi^/M),  was 
defined  by  a V^j  ratio  corresponding  to  the  M/T  detection  bandwidth  as 
obtained  from  Figure  26  of  CCIR  322  [26].  Figure  5 shows  the  probability 
density  of  the  atmr:»)her1c  noise  voltage,  Np,  for  Vj  * 3.75  and  the 
synthesized  noise  probability  density  obtained  by  the  fifth-order 
convolution  of  sample  noise  voltage,  Np|^,  probability  densities.  In 
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this  case,  the  sample  noise  voltage  ratio  Is  6.7  dB  and  the 
ratio  of  the  sum  of  the  five  statistically  Independent  sample  voltages 
Is  computed  to  be  3.64  dB.  The  close  agreement  of  the  ratios  and 
the  two  probability  densities  Is  apparent. 

In  addition  to  the  Illustrative  example,  other  sample  noise 
probability  densities  were  numerically  convolved  to  obtain  synthesized 
approximations  of  noise  voltage  densities  at  Vj's  of  2.5  and  5 dB.  The 
V({  ratios  obtained  by  these  convolution  syntheses  are  sunmarlzed  In 
Table  I.  Column  (1)  contains  ratios  assumed  for  the  total  atmospheric 
noise  voltage,  Np.  Columns  (2)  and  (6)  list  the  corresponding  Vd  ratios 
of  sample  voltages  as  obtained  from  Figure  26  of  CCIR  322  [26]  for  noise 
bandwidth  multiplications  by  3 and  5 respectively.  Finally,  Columns  (3) 
and  (7)  show  the  Vj  ratios  for  the  uniformly  weighted  sums  of  three  and 
five  statistically  Independent  sample  voltages,  respectively.  It  can 
be  seen  that  the  ratio  for  the  sample  voltage  sums  Is  less  sensitive 
to  the  number  of  samples,  M,  as  the  resultant  ratios  tend  toward 
the  Gaussian  noise  ratio  of  1.049  dB.  In  the  limiting  case  where 
the  sample  voltages  are  Gaussian,  the  sum  of  these  voltages  1s  also 
Gaussian  and,  consequently,  the  resultant  Vj  ratio  Is  Independent  of  M. 
Moreover,  the  results  tabulated  In  Columns  (3)  and  (7)  Indicate  that 
(133)  holds  for  some  M where  3 ^ M 5 and  the  Vj  ratio  of  the  PSK 
post-detection  noise  voltage,  Nq,  lies  between  2.5  and  5 dB. 
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3. 3, 2. 2. 2 Synthesis  of  the  CFSK  Detector  Noise  Functional 

Based  on  this  latter  Indication  of  the  existence  of  an  M 
satisfying  (133)  and  the  close  correspondence  of  original  and  synthesized 
noise  voltage  probability  densities  (as  Illustrated  by  Figure  5),  It  Is 
concluded  that  the  PSK  detector  voltage  produced  by  atmospheric  noise* 

Np,  Is  closely  approximated  by  the  sum  of  a proper  number  of  statistically 
Independent,  Identically  distributed,  sample  voltages. 

Having  established  that  the  PSK  detector  functional,  Np,  can 
be  accurately  partitioned  Into  M Independent  sample  voltages.  It  Is  now 
appropriate  to  consider  the  noise  component  of  the  CFSK  detector 
functional.  If  the  expression  for  the  CFSK  error  probability  (116)  Is 
rewritten  with  N-]  and  N2  replaced  by  (112)  and  (113),  the  following 
expression  results: 
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Here»  Ihe  noise  component,  Nc,  of  the  CFSK  detector  functional  Is 
given  by  the  right  side  of  the  Inequality  Indicated  In  the  argument 
of  Hence, 

d<i-0T 
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Again  assuming  the  noise  process  n^Ct)  Is  approximately  stationary 
over  several  bit  Intervals,  K can  be  specified  as  zero  without 
affecting  the  statistics  of  Np.  This  results  In 

T' 

A/c  “ risd)  sih^dt  ^ 
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This  expression  Indicates  that  the  CFSK  post-detection  noise 
voUage,  N^,  consists  of  the  time  Integration  of  a quadrature  component 
of  the  atmospheric  noise  process  as  multiplied  by  the  sinusoidal 
weighting  function;  (S-j/T)  sin  ^ . On  the  other  hand,  the  PSK  post- 
detection noise  voltage,  Np,  consists  of  the  time  Integration  of  a 
quadrature  component  of  the  atmospheric  noise  process  as  multiplied  by 
the  constant  weighting  function:  Si/2T.  Because  of  this  difference, 
there  Is  no  dear  relationship  between  the  statistics  of  the  CF:>K  post- 
detection noise  and  corresponding  PSK  post-detection  noise.  However, 

It  Is  possible  to  approximate  the  sinusoidal  weighting  function  In  the 
Integrand  of  (136)  by  rectangular  steps  of  equal  width.  This  yields 


A/c  “ £ -M  N 


(137) 
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and  Npij  Is  given  by  (130a).  (It  should  be  noted  that  a|(  ® 
k ■ 1,.  . ..  (M-l)/2,  for  odd  M's.  Thus,  the  (M+D/2  relationships  of 
(138)  define  the  step  amplitudes  so  as  to  equate  the  moments  of  the 
sine  branch  and  Its  stepwise  approximation  to  the  maximum  extent 
possible  for  a given  value  of  M.) 

Now  the  previously  demonstrated  principle  that  the  Npi^'s 
are  approximately  statistically  Independent  for  the  proptr  choice  of 
M (3^  M ^ 5,  for  2.5  dB-^  5 dB)  can  be  employed  for  the  stopwlse- 
approxlmated  CFSK  noise  functional.  In  this  case,  a probability  density 
can  be  obtained  for  the  CFSK  noise  voltage,  as  approximated  by  (137), 
by  the  Mth  order  convolution  of  the  probability  densities  of  (a|jNp|(/M). 
Mathematically,  this  can  be  written  as 


f r?)=f  (?)»•• „ /(?)  03» 


where  the  au's  are  the  aforementioned  sinusoidal  weighting  factors. 
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To  obtain  approximate  CFSK  noise  voltage  statistics  comparable 
to  those  already  computed  for  the  PSK  detector » (139)  was  evaluated 
numerically  for  noise  samples  Identical  to  those  used  for  the  preceding 
PS!(' syntheses.  The  ratios  of  these  sums  or  sinusoidally-weighted, 
statistically  Independent  noise  sample  voltages  are  presented  In 
Columns  (4)  and  (6)  of  Table  I.  It  Is  apparent  that  the  V(j  ratios  for 
these  synthesized  CFSK  (sinusoidally  weighted)  voltages  are  Invariably 
greater  than  for  the  corresponding  PSK  (uniformly  weighted  samples) 
noise  voltages.  At  this  point,  reference  to  Figure  26  of  CCIR  322  [26] 
readily  establishes  a remarkably  consistent  relationship  between  the 
corresponding  terms  of  Columns  (3)  and  (4),  and  (7)  and  (8).  Although 
the  construction  of  Figure  26,  CCIR  322  [26]  permits  only  minimal 
resolution.  It  Is  sufficient  to  show  that  the  CFSK  noise  (Columns  (4), 
(8))  correspond  to  a bandwidth  1.2  - '*.25  times  as  great  as  the  PSK 
noise  (Columns  (3),  (7)).  This  result  clearly  confirms  the  earlier 
theoretical  result  (127)  which  Indicated  that  the  CFSK  post-detection 
noise  would  be  characterized  by  a detection  bandwidth  1.234(a  77^8) 
times  as  great  as  the  PSK  noise.  This  characteristic  of  the  CFSK  noise, 
coupled  with  Its  already  proved  3 dB  greater  power,  means  that  the  CFSK 
error  probability  Is  equal  to  the  PSK  error  rate  at  a 3 dB  lower  signal - 
to-nolse  ratio  where  the  ratio  of  the  noise  corresponds  to  the 
bandwidtn  TT^ST  rather  than  the  1/T  of  a PSK  detector.  The  experimental 
results  of  Chapter  4 lend  further  credence  to  this  conclusion. 
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3.4  Minimum  Shift  Keying  (MSK)  Modem 

Minimum  Shift  Keying  Is  a modulatlo.i  technique  for  transmitting 
binary  data  which  Involves  minimum  frequency  shifting  and  produces  a 
continuous  s>  mal  waveform  at  all  times.  As  noted  earlier,  the  actual 
signal  Is  an  PSK,  M >■  1/2  waveform  whose  upper  and  lower  shift 
frequency  components  are  phase  coherent-modulo 7T  radians.  Although 
the  signal  appears  as  FSK,  the  MSK  detection  pt  ..c;^i>s  employs  coheren. 
phase  detection  at  the  center  frequency  rather  than  correlation  at  the 
upper  and  lower  shift  frequencies.  The  subsequent  discussion  and 
analysis  demonstrates  that  this  linear  MSK  performance  coincides  In 
Gaussian  noise  with  that  of  ^SK  and  Is  somewhat  better  In  atmospheric 
noise.  Consequently*  MSK  detection  Is  at  least  3 dB  more  efficient 
than  the  previously  described  CPSK,  M ■ 1 detection. 

3.4.1  MSK  Modulation 

First,  consider  the  MSK  modulation  process.  The  waveforms 
depicted  In  Figure  6 Illustrate  the  waveforms  Involved.  The  MSK 
modulation  process  begins  with  the  time  division  demultiplexing  of 
the  Input  data  (Figure  6a)  Into  two  subchannel  binary  sequences 
(Figures  6b,  6c)  where  the  subchannel  elements  are  2T  long.  The  X 
subchannel  sequence  Is  used  to  biphase  modulate  an  amplitude  modulated 
waveform  Ax(t),  (see  Figure  6d)  given  by 


~ Sjsin^rl 


(144a) 


The  Y subchannel  sequence  similarly  modnlates  Ay(t)  (see  Figure  6e)» 
given  jy 


(1441 


(Note  that  A^(t)  has  zero  amplitude  at  the  times  when  the  X subchannel 
sequenc*^  ^ay  change  state.  The  same  condition  exists  for  Ay(t)  and 
the  Y subchannel  sequence.) 

This  phase  modulation  yields 


C-t)  = (K-i)T^t^(iKi-i)T^ 
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(1451 


and 


Sy  Or)  = Ay  (*),  (K-/)  r£t^(Kfi)T, 

^ ^ (1451 

K c /cn, 

where  1|(  > 1-2h|(  and  h|^  » 0,  1 according  to  the  kth  data  element. 
Substituting  (144a)  and  (144b)  In  (145a)  and  (145b)  and  accounting  for 
the  absolute  value  signs  leads  to 

-5-^  = i^S 

(145 


(k-0  T4  t4 (K'i-i)T^  < oJidy 


5y  (i)^  = ‘■1C  - Kt]  COS  CO.  t, 

CK-l)T^tciO(i-0T,  K 

Now,  for  k odd.  the  kth  MSK  signal  element,  S(t)|^, 

(k-l)T^  t^  kT,  consists  of  the  sum  of  Sj^(t)  and  Sy(t)  (but  with  k-1 
replacing  k In  (146b)).  Here.  S(t),^  Is  given  by 

S(-t)^  = ^Scn^[t-(K-l)T]  Sin  Mt 

i-  i^.,  S^Ccs^[t  c:os  u>,t 

= Lk-i  S cosj(cV. -Ck  l-k-i  ^ 

= (~l)  S^COsL‘^.~‘lc‘K-/'^Jt^ 

( k->)T^  t^icr,  KUd. 

From  this.  It  Is  apparent  that  the  Instantaneous  frequency  of 
the  MSK  signal  Is  governed  by  the  state  of  time  adjacent  data  elements 
The  Implication  of  (147)  Is  that  an  odd  element  MSK  modulator  output 
signal  Is  at  the  lower  shift  frequency  during  the  kth  Interval  when 
the  kth  data  bit  Is  the  sane  state  as  Its  Inmedlate  predecessor. 


On  the  other  hand»  If  the  kth  bit  Is  of  the  state  opposite  to  Its 
predecessor*  then  the  output  Is  at  the  upper  shift  frequency.  For 
the  next  signal  element*  (k-t-l)?)*  Is  also  added  to  Sy(t) 

but  with  k-»>1  replacing  k In  (146b).  This  results  In 

+ 4^,  S CoS^[t  -CKi-')  fjc(>i  U>.t 

S cos  '(K CoSOl,t 

- (~0  ^Lk*-! 

KT^i^CK+tW,  KcM. 

This  result  shows  that  an  even  HSK  element  Is  at  the  upper  shift 
frequency  If  the  even  data  bit  and  Its  Innedlate  predecessor  sre  of 
the  same  state.  If  the  even  bit  and  Its  predecessor  are  of  opposite 
state*  then  the  MSK  signal  Is  at  the  lower  shift  frequency.  It  Is 
obvious*  then*  that  there  Is  no  direct  relationship  between  the  binary 
state  of  the  Input  data  and  the  MSK  signal  outout  frequency.  Because 
of  this  characteristic*  the  MSK  signal  cannot  be  readily  demodulated 
by  conventional  non-coherent  FSK  detectors. 

3.4.2  MSK  Detection 

Detection  of  the  MSK  signal  Involves  the  time-sequential  phase 
detection  of  the  subchannel  signal  elements*  S^^Ct)  end  Sy(t)  as  defined 
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where 


and  h|^  « 0,  1 according  to  the  binary  state  of  the  kwh  data  element. 
The  X subchannel  coherent  reference  signal,  Cx(t),  Is  given  by 
(Figure  6d) 

Cj,  (i)  = SijsL>n  J-iVi 

= S,  SLh^[t-(K-/)T] sen  ai.t 


(K+d T,  Kad.  . 


(150) 


The  Y subchannel  coherent  reference  signal,  Cy(t),  Is  given  by  (Figure  5e) 
C y Ot)  = Si  I 5r  I ^ 

= Si  Cos^lt  -K  TJ  CoS  UJ,  t 

-(-/)  J>(  cos  ^ 


CK-i)T^  t 


Because  the  subchannel  signal  components  are  of  the  same  form 
and  equal  power*  detector  performance  should  be  the  same  for  both 
subchannels.  Therefore*  the  following  analysis  of  X subchannel 
detection  also  suffices  for  Y subchannel  detection.  With  reference 
to  (149),  (150)*  X subchannel  signal  elements  correspond  to  K odd 
and*  as  shown  by  Figure  6b*  the  kth  subchannel  signal  element  Is 
defined  over  the  time  Interval  [(k-l)T*  (k+l)T].  Postulating  that 
the  kth  data  bit  has  h|^  * 1 so  that  1|(  * -1*  the  Input  signal  becomes 


S(i)  -h nc(t)c‘>suj.t 

(K-l)T^t4  (Kti)T, 
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Expanding  S(t)|(  results  In 
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The  output  of  the  X subchannel  detector  Is  the  functional 
given  by 

^(K-hi)T 


^dx  ^ 't  f Cx,  (-t)  sCt)  Jt  , 

'(K~i)r 


(154) 


Employing  (150),  (152),  (153)  In  (154)  and  again  disregarding  high 
frequency  components  In  the  Integrand  (because  the  signal  and  noise 
process  bandwidths  are  assumed  to  be  much  smaller  than  the  frequency 
)* 
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In  this  case,  a decision  error  occurs  when  Rdx-^  Hence  the 
probability  of  MSK  detection  error,  Pe,^.  Is  given  by 
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since  n^Ct)  Is  assumed  to  be  approximately  stationary  over 
several  bit  Intervals,  the  argument  of  n$[  * ] In  (156)  may  be 
translated  to  t without  affecting  the  statistics  of  the  argument  of 
PrC  • ] In  (156).  This  translation  results  In 

Per.  = C-t)SL^  (157) 

Recall  the  previously  derived  expression  for  CFSK  error 
probability: 
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It  Is  apparent  that  If  the  CFSK  binary  signal  elements  are  doubled  In 
length  (so  that  T Is  replaced  by  2T  In  (134),  then  the  CFSK  error 
probability  (at  the  transmission  rate  1/2T  bits/sec.)  equals  the  MSK 
error  probability  (at  the  rate  1/T  bits/sec.).  In  other  wordfi,  the 
sign?!  components  of  the  MSK  and  CFSK  detector  functionals  are  equal, 
but  the  noise  component  of  the  MSK  functional  Is  Identical  to  CFSK 
noise  as  detected  In  1/2  the  corresponding  (for  the  same  data  rate) 
detection  bandwidth.  Hence,  the  MSK  post-detection  signal -to-nolse 
ratio  Is  twice  as  great  (+3  dB)  as  the  CFS.t  signal -to-nolse  ratio. 
Moreover,  the  narrower  MSK  detector  bandwidth  causes  the  MSK  post- 
detection noise  to  be  less  Impulsive  for  non-Gausslan  Input  noise. 

Finally,  It  Is  appropriate  to  compare  this  result  with  the  PSK 
system.  Because  the  MSK  post-detection  signal -to-nolse  ratio  Is  3 dB 
greater  than  with  the  CFSK  system,  the  MSK  and  PSK  systems  have  the 
same  post-detection  signal -to-nolse  ratios.  However,  the  PSK  post- 
detection noise  has  a ratio  which  corresponds  to  the  equivalent 
noise  bandwidth  (l/j)  while  the  MSK  noise  Vj  ratio  corresponds  to  the 
bandwidth  ( tt^/16T).  Hence,  the  MSK  post-cetectlon  noise  Is  less 
Impulsive  for  atmospheric  Input  noise  because  of  the  narrower 
effective  observation  bandwidth.  In  the  special  case  where  the  Input 
noise  process  1s  Gaussian,  both  the  PSK  and  MSK  post-cetectlon  noise 
coTiiponents  av<e  Gaussian  random  variables.  Thus,  the  equivalence  of 
post-detection  signal -to-nolse  ratios  Insures  that  MSK  and  PSK  error 
rate  performance  Is  Identical  (and  3 dB  better  than  CFSK,  M » 1)  for 
Gaussian  noise. 
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Chapter  4 

PERFORMANCE  OF  LINEAR  COHERENT  VLF/LF 
RECEIVERS  IN  ATMOSPHERIC  NOISE 

4,0  Introduction 

The  preceding  PSK,  CFCK.  and  HSK  inodem  descriptions  and  analyses 

have  developed  general  mathematical  expressions  (90),  (142) » (143), 

(158)  for  detection  error  probabilities  (bit  error  rates).  In  terms 

of  relative  performance.  It  was  showii  chat  the  CFSK  post-detection 

signal -to-nolse  ratio  Is  3 dB  less  than  the  PSK  and  the  CFSK  noise 

2 

ratio  corresponds  to  a bandwidth  V times  as  great  as  the 
l/j  PSK  detection  bandwidth.  Also,  the  MSK  detector  produces  the 
same  post-detection  signal -to-nolse  ratio  as  PSK  but  the  MSK  noise 
component  Is  statistically  the  same  as  PSK  noise  observed  in  times 

the  corresponding  PSK  detection  bandwidth.  In  the  special  case 
where  the  Input  noise  process  Is  Gaussian,  the  post-detection  noise 
components  are  Gaussian  random  variables  whose  statistics  can  be 
described  by  well-known,  closed-form  mathematical  functions.  Thus, 
the  detection  error  probabilities  for  these  systems  can  be  expressed 
In  closed-form  (98).  On  the  other  hand,  the  statistics  of  received 
atmospheric  noise  are  not  accurately  described  by  single,  mathematlcally- 
tractable,  closed-form  expressions  (see  Chapter  2).  Instead,  atmospheric 
noise  statistics  are  most  accurately  described  numerically  or  by  plece- 
wlse-algebralc  expressions  (see  2.1).  Here,  numerical  methods  must 
necessarily  be  employed  In  the  evaluation  of  the  error  probability 
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expressions  (90),  (134)  and  (157).  This  chapter  Is  thus  concerned 
with  the  development  of  a numerical  procedure  for  evviluatlng  these 
error  probability  expressions  and  the  presentation  of  comparable 
experimental  performance  data. 

4 . 1 Development  of  Numerical  Procedures  for  Eval uatltig  Error 

Probabilities 

The  nume!ii:a1  procedure  for  evaluating  detection  error  probabilities 
Is  related  the  work  of  Spaulding  [48]  and  lilmllar  to  the  numerical 
Integration  procedure  developed  by  Shepelavey  [45].  l-k)wever,  the 
Integration  technique  developed  here  Is  adaptable  to  any  arbitrarily 
defined  noise  APO  (such  as  those  of  typical  atmospheric  noise)  and  Is 
especially  suitable  for  digital  computer  computation.  The  actual 
computational  procedure  Is  described  In  detail  for  evaluation  of  PSK 
error  probabilities  (90). 

Because  of  the  relationships  developed  in  3.3.2  and  3.4  between 
CFSK,  HSK,  and  PSK  detector  performance,  the  PSK  results  can  be 
readily  adapted  to  describe  CFSK  and  MSK  performance.  Hence,  ilmllar 
detailed  computational  developments  for  CFSK  detection  (142,  143) 
and  MSK  detection  (158)  would  be  largely  redundant  and  are  thus  omitted. 
Finally,  error  rate  performance  of  each  of  the  systems,  as  computed 
by  the  numerical  procedures  of  this  chapter.  Is  compared  with  the 
published  PSK  performance  data  of  Linfleld  and  Plush  [32]  and  the  CFSK 
and  MSK  data  of  Entzminger,  et  a1  [14].  The  good  agreement  between 
computed  and  measured  performance  In  each  case  clearly  substantiates 
the  validity  of  the  linear  PSK,  CFSK,  and  MSK  performance  analyses. 


4.1.1  Performance  of  the  Linear  PSK  Receiver  In  Atmospheric  Noise 
The  biphase  coherent  PSK  modan  Is  first  considered.  In  this 
case,  all  receiver  functions  preceding  the  coherent  pnase  detector 
are  essentially  linear  so  that  only  linear  bandwidth  conversion  [11] 

Is  necessary  to  define  an  appropriate  noise  amplitude  probability 
distribution.  From  3.2  the  probability  of  PSK  detection  error. 

Pep.  Is  given  by 

^ f >s)  (90) 

■'O 

where  0 Is  uniformly  distributed  on  (-7T,  7T)  and  e(t)  Is  the  narrowband 
noise  envelope  process. 

Now,  employing  the  relationship  (37)  with  C - 1,  the  Integral  of 
fPO)  can  be  replaced  with  the  observed  (In  a 1/T  Hz  bandwidth)  noise 
voltage,  Ep,  to  yield 

Pep  = Pr  {Sf,  case  >s)  (159) 

whc~  r Ep  Is  a random  variable  statistically  Independent  of  the  noise 
ph*'se,  0. 

Division  of  both  sides  of  the  Inequality  by  the  RMS  value  of  the 
noise  envelope  voltage  then  yields 

P«p  = ( EceJ-«  >5)  (160) 


109 


where  E Is  the  ratio  of  the  noise  envelope  voltage  to  the  RMS  noise 
envelope  vi>ltage  (so  that  £^*=»/)and^1s  the  ratio  of  the  RMS 
signal  envelope  voltage  (or  signal  amplitude)  to  the  RMS  noise 
envelope  voltage.  (It  is  apparent  from  the  foregoing  definition  that 
t Is  also  the  square  root  of  the  signal  to  noise  power  ratio.) 


Proceeding,  (160)  may  be  rewritten  as 


Ft.=Pr(l 


061) 


Here  the  outer  Inequality  Implies  S . (161)  then  becomes 


Pep  ~ Pir[^Ccj  j B-^sJ 


(162) 


where  Cos'^  ( • ) is  the  principal  value  of  Cos"!  ( ) since  both 

? and  E are  non>negat1ve  and  S/£  > ^ . 


Equivalently 


Pep  = n-[-Cc.s''(§)^& 

. oeo  ^ C.-T  C "£  ) 

Pep  = /^£-  / Ce, 


where  (E,  0)  Is  the  Joint  probability  density  function  of 

the  normalized  noise  envelope  voltage  and  phase. 

Since  E and  0 are  statistically  Independent  and  0 Is  uniformly 
distributed  on  (-TT»  H"),  this  reduces  to 


where  P(E)  » Pf(e>  E)  Is  the  noise  amplitude  probability  distribution 
as  described  by  the  curves  of  Figure  K It  follows  that 


(163a) 


Considering  the  vslues  of  Cos'1  ( § )forS^E^  oc>,  note  thet 


(164) 


Piirtltlonlng  the  range  of  values  of  Cos~1  (-^  ) Into  n equal  angles 
of  size  TT/2n,  the  expression  for  Pe  (163a)  can  similarly  be 
partitioned  Into  n Integrals.  The  upper  and  lower  limits  of  Integration 

u t~ 

for  the  1th  Integral*  and  E^‘  • respectively,  must  satisfy 


(165a) 


and 


These  equations  yield 


£ 

, Cc~Ott 


(165b) 


(166a) 


Thus*  the  Indicetcd  n-fo1d  partition  of  (163a)  yields 
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P.p’-frf  C.r‘(i)uKB) 

o-a 


(A 


iri  f ns) 

L^l  J L 
E: 


I ^ 

TT  ^ ^1- 


L-i 


where 


A 

5 


Cos 

am 


Xi^/  Ccs''(i)dr(E) 

J S 


i,  V, 


Examining  the  1th  Integral  of  (167}»  and  In  particular. 


Cos"1  ( t ).  It  Is  noted  that 


2.n 


Cos  ( i)j  ^ '(fe), 


These  results  lead  to 


Cos^ 

2/) 


^ CosCi)\ 


CCS. % 

Substitution  of  these  bounds  In  the  Integrand  of  (167)  yields 


ccs<^  rccs^H3r\ 

^dPCE)^  / CoS-‘(^yKl^) 


Cos  ^ 
2.r\ 


r <-  IL 


^ // 

2r 


s 


^ PP- 


(17' 


5 


ul) 


Now.  performing  n-fold  summations  and  division  byrr  on  the 
outer  terms  of  (171),  It  follows  that 


and 
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(174) 


T ^ T-  ^ r- 


IT  4 

L =/ 


1=1 


«/> 


~ ' c 


Substituting  (172)  and  (173)  Into  (174)  results  In 


± 

2m 


(175) 


Since  P[«*«]  = 0 (where  1 * n),  the  upper  and  lower  error 
probability  bounds  In  (175)  differ  only  by  the  first  term  of  the 
upper  bounds  P[S]/2n,  (where  1-0).  It  Is  obvious  that  this  term  can 
be  made  arbitrarily  snail  by  the  selection  of  n sufficiently  large.  Thus, 


(176) 


However,  It  might  be  expected  that  the  arithmetic  average  of 
these  bounds  converges  to  an  accurate  estimate  of  P^p  much  more  rapidly 
than  either  of  the  bounds.  Thus,  the  detection  error  probability, 

Pep,  Is  defined  by  this  average  to  be 


(176a) 


Here,  the  function  P[  • ] Is  the  normalized  noise  APD  (as  depicted  In 
Figure  1}  whose  ratio  Is  adjusted  to  the  detection  bandwidth  (1/T). 
The  variable  ? Is  the  square  root  of  the  signal -to-no1se  power  ratio 
as  referenced  to  the  detection  bandwidth  (1/T). 

4.1.2  Performance  of  the  Linear  CFSK,  M ° 1 Receiver  In  Atmospheric 
Noise 

The  bit  error  rate  performance  of  the  linear  CFSK  detector  Is 
readily  obtained  by  combining  the  results  of  3.3.2  and  the  preceding 
PSK  analysis.  CFSK  detection  Is  3 dB  less  efficient  than  PSK 
detection  where  the  non-Gausslan  post-detection  noise  corresponds  to 

O 

an  observation  bandwidth  77/3  times  as  great.  The  probability  of 
CFSK  detection  error,  Pec,  Is  the  same  as  that  for  PSK  (176),  except 
that  the  signal -to-nolse  voltage  ratio,  '§,  must  be  reduced  to 
(-3  dB)  and  the  ratio  Increased  according  to  the  bandwidth  ratio 
fT-2/g.  Thus,  the  CFSK  bit  error  rate  (or  detection  error 
probability),  Pgc*  Is  given  by 

where  P['  ] Is  the  normalized  noise  APD  whose  Vj  Is  referenced  to  the 
observation  bandwidth  ( 77*2/3)  and  Is  the  square  root  of  the  signal 
to-nolse  power  ratio  referenced  to  the  detection  bandwidth  (1/T). 


4.1.3  Performance  of  the  Linear  MSK  Receiver  In  Atmospheric  Noise 
Similarly,  the  bit  error  rate  performance  of  the  linear  MSK 
detector  Is  readily  obtained  by  combining  the  results  of  Chapter  3.4 
and  the  preceding  PSK  analysis.  From  3.4,  MSK  detection  produces  the 
same  post-detection  signal  to  noise  power  ratio  as  PSK  (fo**  equal 
Input  signal -to-nolse  ratios  and  data  rates)^but  the  M^K  post-detection 
noise  component  Is  statistically  equivalent  to  PSK  noise  observed  1r 
the  detection  bandwidth.  Thus,  the  expression  for  the 
probability  of  MSK  detection  error,  Pem»  Is  Identical  to  that  for 
PSK  (176)  except  that  the  APD,  P[*  ] must  be  characterized  by  a 
ratio  adjusted  to  the  observation  bandwidth  TT^/igTfor  Input  data 
elements  of  T seconds.  Hence,  the  MSK  Mt  error  rate  (or  detection 
error  probability)  can  be  expressed  by 

fjlVc^s  g]  07S) 

where  P[»  ] Is  the  normalized  APD  as  referenced  to  being 

the  duration  of  an  Input  data  element,  and  ? Is  the  square  root  of 
the  signal -to-nolse  power  ratio  referenced  to  the  bandwidth  (1/T). 

4.2  Validation  of  the  Theoretical  Analysis 
4.2.1  Convergence  and  Comparison  In  Gaussian  Noise 

To  examine  the  efficacy  of  this  estimate  In  typical  atmospheric 
noise  (Vd  * 9 o3),  Pe'*  and  Pe^,  and  Pe  were  computed  by  (172),  (173), 
and  (176)  respectively,  for  various  values  of  n.  In  this  case.  It  was 
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found  that  the  arithmetic  average,  P^p,  with  n ■ 20,  yielded  the  same 
numerical  accuracy  as  wa'^  obtained  by  convergence  of  Pe^  and  Pe^  at 
n * 5000.  Similarly,  TaUc  II,  which  lists  error  probabilities  for 
Gaussian  noise  as  computed  by  (176)  and  as  computed  by  series  evaluation 
([1],  Equation  7.1.26)  of  the  theoretical  expression  (98),  clearly  shows 
the  efficacy  of  the  numerical  procedure  (175)  for  n ■ 20.  Obviously, 
greater  values  of  n could  be  used  to  obtain  greater  accuracy,  but  n = 20 
provides  accuracy  equal  to  or  better  than  most  experimental  data.  Thus, 
a quantitatively  adequate  criterion  for  the  convergence  of  the  PSK  error 
probability  has  been  determined.  Moreover,  It  has  been  shown  that  PSK 
error  probability  In  Gaussian  noise  as  calculated  according  i;o  this 
procedure  virtually  coincides  with  that  obtained  by  the  classical 
procedure. 

4.2.2  Atmospheric  Ncise  Performance 

The  remaining,  and  clearly  most  pertinent,  problem  Is  the  valida- 
tion of  the  procedure  for  performance  In  non-Gausslan  atmospheric  noise. 


Table  II.  Probability  of  Detection  Error  for  Coherent  PSK 
In  White  Gaussian  Noise  (Rayleigh  Envelope) 


S1gnal\No1se 

(dB) 

Theoretical 
Error  Rate* 

r 

Numerical 

Estimate** 

-10 

.32736 

.32736 

- 8 

.28671 

.28672 

- 6 

.23923 

.23923 

- 4 

.18611 

.18612 

- 2 

.13064 

.13065 

0 

.07865 

.07865 

2 

.03751 

.03751 

4 

.012501 

.012501 

6 

.0023884 

.0023882 

8 

.0001909 

.0001909  , 

10 

3.8756x10-6 

3.8718x10-6 

*Pep  = 1/2  D-erf  ( fs/tf)}.  Computed  by  (7.1.26, ) 
*»P,p  - l/WExp  [-  S/N]  + 

Equation  (176)  with  n * 20,  P(E)  » EXP  [ -e2]  ^ 


Because  the  present  analysis  constitutes  an  original  theoretical 
development  for  the  non-Gausslan  noise  environment,  experimental 
performance  data  Is  the  only  appropriate  standard  of  comparison. 
Fortunately,  measured  performance  data  In  atmospheric  noise  Is 
available  for  linear  coherent  PSK  [32],  CFSK,  M » 1 [14],  and  MSK 
[14]  detection.  The  PSK  experimental  data,  presented  by  Linfleld  and 
Plush  [32],  is  In  the  form  of  measured  bit  error  rates  (probability 
of  detection  error)  at  various  signal -to-nolse  ratios.  On  the  other 
hand,  the  CFSK,  M - 1 and  MSK  data,  presented  by  Entzminger,  et  a1 
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[14],  Is  In  the  form  of  measured  teletype  character  error  rates. 

Here,  the  comparable  theoretical  character  error  rate,  CER,  must 
be  derived  from  the  theoretical  bit  error  rate,  Pe. 

The  synchronous  CFSK  and  MSK  teletype  systems  employ  7.0 
Baudot  code  where  each  binary  element  Is  equal  In  length  and  only 
five  of  the  seven  elements  In  a block  actually  define  an  alphanumeric 
character.  (The  other  two  binary  elements  are  start-stop  bits  Intended 
to  establish  long-term  system  synchronization.)  Any  one  or  more 
decision  errors  In  the  sequence  of  five  data  elements  will  cause  the 
character  to  be  decoded  and  printed  Incorrectly,  thus  producing  a 
character  error.  On  the  other  hand,  isolated  errors  In  either  the 
stop  or  start  elements  do  not  produce  character  errors  if  long-term 
system  synchronism  Is  maintained.  TNjs,  assuming  synchronism,  the 
probability  of  a correct  binary  decision  q.  Is  given  by 

q - 1-Pe  (179) 

where  Pe  Is  the  bit  error  probability. 

Assuming  that  bit  errors  In  a Baudot  character  are  mutually 
Independent,  the  probability  that  all  five  are  decoded  correctly, 

Pc»  Is  given  by 

Pc  - . (1-Pg)5_  (180) 

This  Is  the  probability  that  a character  will  be  decoded 
correctly.  Hence,  the  probability  that  a character  will  be  decoded 
Incorrectly,  the  character  error  rate  (CER),  Is  given  by 

CER  = 1-Pc  = 1-(1-Pe)\  (181) 


i 

I 
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4. 2. 2.1  Linear  PSK  Detection 

The  first  experimental  data  to  be  considered  is  that  of 
Linfield  and  Plush  [32].  This  PSK  detector  performaiKe  was  measured 
in  additive  atmospheric  noise  at  16.6  kHz  (VLF)  at  a data  rate  of 
33.3  bits/second  (constituting  a detection  bandwidth,  1/T,  of  33.3  Hz 
for  coherent  detection).  The  noise  had  a measured  ratio  of 
approximately  10  dB  1ii  a 376  Hz  bandwidth,  by  Figure  26  of  CCIR  332 
[26],  this  converts  to  a V(]  ratio  of  3.75  dB  in  the  33.3  Hz  detection 
bandwidth  of  the  experimental  system.  Figure  8 shows  this  data  with 
the  theoretical  PSK  error  rate  as  computed  by  (176)  with  n ■ 20. 

The  close  agreement  of  the  theoretical  and  measured  bit  error  rates 
is  apparent. 

4. 2. 2. 2 linear  CFSK,  M « 1 Detection 

Experimental  atmospheric  noise  performance  data  for  CFSK, 

M * 1 detection  has  been  presented  by  Entzminger,  et  al  [14].  Here, 
the  system  was  operated  at  a signalling  rate  of  50  bauds  (50  bits/ 
second)  atmospheric  noise  at  27.5  kHz.  The  noise  had  a Vd  ratio 
of  7 d6  measured  in  a 218  Hz  bandwidth.  This  converts  (by  CCIR  322 
[26])  to  a Vd  ratio  of  3.75  dB  in  the  50  Hz  detection  bandwidth  and 
4.15  dB  ill  the  50  ( TT^/a)  Hz  observation  bandwidth.  Figure  9 shows 
this  measured  CFSK  data  with  the  theoretical  CFSK  CER  as  computed  by 
(177)  with  n * 20  and  (181).  Here,  the  correspondence  between  the 
compwt,i*c!  and  -!!f;.j>CM,*ed  CER's  is  somewhat  poorer  than  for  the  PSK  system 
(Figure  8),  but  still  within  about  3 dB.  However,  the  fact  that  the 
measured  performa''re  is  better  than  calculated  for  ideal  linear  detection 
implies  that  sor  ;.on-11near  noise  cancellation  might  have  existed 
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In  the  experimental  system.  The  dramatic  effect  of  even  slight 
non-linearities  such  as  peak  clipping  Is  shown  L.y  other  experimental 
results.  For  Instance,  Linfleld  and  Beech  [33]  found  that  noise 
clipping  19  dB  above  the  signal  envelope  produced  at  least  4 dB 
Improvement  In  CFSK  error  performance  in  simulated  atmospheric  noise. 
Thus*  even  minimal  Impulsive  noise  clipping  In  the  experimental 
receiving  system  could  well  account  for  this  performance  differential 
between  measured  and  Ideal  linear  detection. 

4. 2. 2.3  Linear  MSK  Detection 

In  addition  to  CFSK  data,  experimental  atmospheric  noise 
performance  data  for  MSK  detection  has  been  presented  by  Entzminger, 
et  a1  [14].  This  MSK  system  was  operated  at  a signalling  rate  of 
40  bauds  (4o  bits/second)  In  atmospheric  noise  at  27.5  kHz.  The  noise 
had  a ratio  of  10  dB  In  243  Hz  bandwidth  which  converts  to  a 
ratio  of  4. IS  dB  In  the  24.7  Hz  ( Jr^/IST)  MSK  noise  functional 
bandwidth.  Figure  10  shows  this  measured  MSK  data  with  the  theoretical 
MSK  CER  as  computed  by  (178)  with  n > 20  and  (181).  4ga1n,  the 
agreement  of  measured  and  computed  CER's  Is  quite  close. 

4. 2. 2.4  Summary 

The  foregoing  discussions  have  shown  that  the  expressions  for 
error  probability  (176),  (177),  (178)  derived  In  this  chapter,  yield 
results  which  coincide  with  theoretical  Gaussian  noise  analyses.  In 
addition,  close  agreement  exists  between  theoretical  and  measured 
performance  In  non-Gaussian  atmospheric  noise.  Thus,  the  quantitative 
validity  of  the  linear  detection  analyses  of  this  chapter  has  been 
substantiated. 
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Figure  10,  Linear  Minimum  Shift  Keying  (MSK)  Detector  Performance 
in  Atmospheric  Noise,  Vrf»5  db. 


4.3  Optimum  linear  Coherent  System 

In  addition  to  the  experimental  and  corresponding  theoretical 
results  of  Figures  8>  9 and  10,  error  rates  for  linear  PSK  detection 
In  atmospheric  noise  of  varying  Impulsiveness  (Vd  ratios)  are  plotted 
in  Figures  11  and  12.  (A  more  complete  tabulation  of  PSK  error  rates 
Is  contalneo  In  Appendix  D.) 

The  error  rate  characteristics  of  Figures  11  and  12  tend  to 
flatten  out  with  Increasing  Impulsiveness,  or  V^j  ratio.  Thus, 
significantly  more  signal  power  Is  required  to  achieve  a given  low 
error  probability  as  the  Vd  ratio  Increases.  A corollary  observation 
Is  that  the  error  rate  performance  characteristic  Is  steeper  for 
Gaussian  noise  than  for  any  non-Gausslan  atmospheric  noise.  It  Is 
apparent  that  Gaussian  noise  error  rate  performance  Is  the  limiting 
case  of  atmospheric  noise  performance  as  the  noise  Impulsiveness 
descreases.  Thus,  It  Is  apparent  that  detection  efficiency  can  be 
substantially  Improved  by  a reduction  In  the  ambient  noise  Impulsiveness. 
As  noted  In  Chapter  1,  atmospheric  noise  Impulsiveness  varies  with  the 
bandwidth  of  observation.  Thus,  an  Increase  In  binary  element  length, 

T,  reduces  the  PSK  and  CrSK  detection  bandwidth,  1/T,  and  consequently, 
the  post  detection  noise  1mpu> wideness.  For  this  reason,  the  MSK 
post-detection  noise  component  ^equivalent  to  noise  observed  In 
bandwidth  ( TT^/lG^)  clearly  less  Impulsive  than  the  corresponding 
noise  components  of  the  PSK  and  CFSK  detectors.  Moreover,  the  MSK 
detector  post-detection  signal -to-nolse  ratio  Is  equal  to  the  PSK 
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Figure  n.  Linear  Coherent  Phase  Shift  Keyir.q  (PSK)  Detector 
Performance  in  Atmospheric  Noise 
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Flqure  12.  Coherent  Phase  Shift  Keying  (P5K)  Detector 
Perfornance  in  Atnrasphoric  Noise 
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detector  and  Is  3 dB  higher  than  the  CFSK  detector.  Hence,  the  MSK 
system  Is  clearly  more  efficient  that  either  PSK  and  CFSK. 

This,  In  addition  to  the  continuous  waveform  (see  3.1)  and  the 
minimum  bandwidth  of  the  MSK  signal  spectrum  [14],  makes  the  MSK  modem 
the  optimum  choice  for  practical  coherent  binary  communication  (with 
linear  detection)  In  atmospheric  noise. 


Chapter  5 

COHERENT  DETECTION  IN  ATMOSPHERIC  NOISE  WITH  PRE-DETECTION 
HARO-LIMITING  - PULSE  STATISTICAL  ANALYSIS  (PSA) 

5.1  General 

The  remaining  system  performance  analyses  and  results  In  this 
study  are  concerned  with  receiving  systems  which  employ  pre-detection 
hard-limiting.  Hence,  the  hard-limiting  process  Is  the  extreme  case 
of  the  non-linear  noise-clipping  process  whose  efficacy  In  Impulsive 
noise  has  been  Investigated  experimentally  and  described  by  Hartley 
[22],  Linfleld  and  Beach  [33],  and  Mallinckrodt  [35].  Because  these 
experimental  results  showed  that  hard-limiting  equalled  or  exceeded  any 
noise-blanking  (hole-punching)  process  or  less-stringent  clipping 
strategy,  performance  of  the  hard-limiting  receiver  constitutes  an 
upper  bound  for  practical  non-linear  receiver  performance.  Moreover, 
practical  circuit  realization  of  the  hard  ‘’Iml ting  process  Is  relatively 
easier  to  obtain  than  that  of  other  non-Mnear  responses.  Thus,  a 
reliable  hard-limiter  Is  likely  to  be  the  most  efficient  non-linear 
pre-detection  processor  - both  functionally  and  economically.  For 
this  reason,  the  subsequent  analyses  of  this  chapter  and  Chapter  6 are 
confined  to  the  hard-limiting  receiver  system. 

The  present  chapter  analyzes  the  performance  of  PSK,  CFSK  and  KSK 
detectors  preceded  by  bandpass  hard-limiters  on  the  basis  of  atmospheric 
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noise  pulse  statistics.  This  technique.  Pulse  Statistical  Analysis 
(PSA),  Is  used  to  derive  bit  error  probability  expressions  for  the 
three  coherent  systems.  In  turn,  characte>"  error  rates  for  CFSK  and 
CSK  (MSK  detection  and  differential  post  detection  decoding)  modems 
are  compared  with  some  measured  performance  data.  Finally,  It  Is 
shown  that  the  PSA  technique  Is  suitable  only  for  systems  where  the 
ratio  of  the  hard-1 Imiter  bandwidth  to  detection  bandwidth  (BWR)  Is 
on  the  order  of  eight  or  less. 

5.2  Pulse  Statistical  Analysis  (PSA) 

The  PSA  development  Is  presented  In  three  phases.  First,  detection 
error  probability  expressions  are  derived  for  the  three  modems  where 
only  one  noise  pulse  is  assumed  to  occur  In  a given  element.  Next,  the 
noise  model  Is  extended  to  the  case  where  multiple  noise  pulses  occur 
In  a single  detection  element.  The  error  probability  expressions  are 
accordingly  modified  for  the  multiple  noise  pulse  distributions. 

Finally,  pulse  occurrence  statistics  are  applied  to  obtain  average  error 
rate  probabilities. 

5.2.1  Coherent  Detection  with  Hard-Limiting  - One  Noise  Pulse  per 
Detection  Element 

5.2.1. 1 PSK  Detection 

The  hard-limiting  PSK  detector  Is  similar  to  the  linear  PSK 
detector  of  3.2,  but  It  also  Includes  a pre-detection  bandpass  hard- 
limiter.  Figure  13  Is  a simplified  block  diagram  of  the  hard-limiting 
PSK  receiver. 
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Figure  13.  Hard-Limiting  PSK  Receiver 


In  this  system,  the  detector  output  Is  the  functional  R^, 


given  by 


where  g(t)  Is  the  output  of  the  limiter, 
limiter  given  by 


OS  CaJ.±  dt  y 
Assume  an  Input  to  the 


S (t)  = Scoj(u?»t 

where  S Is  the  signal  amplitude,  e(t)  Is  the  noise  envelope  process, 
h|(  > 0,  1 according  to  the  binary  state  of  the  kth  bit.  The  output  of 
the  limiter,  q(t),  has  a rectangular  waveform  whose  amplitude  Is  denoted 
as  for  convenience.  Here,  the  Important  simplifying  assumption  Is 
made  that  Individual  noise  pulse  amplitudes  are  much  greater  than  the 
signal  amplitude,  but  the  signal  amplitude  Is  much  greater  than  the 
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noise  envelope  otherwise.  In  this  case*  the  larger  amplitude  component, 
noise  pulse  or  continuous  signal,  suppresses  the  smaller  component  [9] 
and  consequently  "captures"  the  limiter.  Hence  the  zero  crossings  of 
q(t)  are  determined  by  the  larger  component  of  s(t).  When  S e(t) 

(no  noise  Impulse  present),  the  zero  crossings  are  Identical  to  those  of 
Cosco»t  and  when  S<  e(t)  (during  a noise  Impulse),  the  zero  crossings 
are  it  ^r  * .cal  to  those  of  cos  [uj,t  . Postulating  hk  * 1 , 

th?  output  of  the  limiter  can  be  written  as 


(t) 


^ [cos  [oLf,t  -f-  S<eCrf^)^ 


Now,  postulating  a noise  pulse  centered  at  tc  such  that 
during  the  kth  Interval  e(t)>  S for  t^  ^ t^  tg,  the  noise  component 
produced  by  the  Integrator,  Np,  Is  giver  by 


X * 

= (184) 


Assuming  the  noise  phase  to  be  approximately  constant  over  the  Interval 
(ti,  t2)  and  Introducing  a shift  In  the  time  origin,  Np  becomes 


The  function  5^(5  may  be  rewritten  In  a Fourier  cosine 


series  as 


CoS  UJ,tl  = i (186) 

J TT 


Substitution  of  this  Into  (185)  yields 


= 4^  j / [cos  0 + CoS  (2o0‘t  - &}jd  t 
- ^ -}j  / CaS  KaJ.t  cos  (uitr-»)dd 


Since  the  signal  and  noise  process  bandwidths  are  much  smaller  than  the 
center  frequency,  , the  contributions  of  the  high  frequency  components 
of  the  Integrand  are  negligible.  Hence,  the  noise  component  Is  closely 
approximated  by  the  first  term  of  (187)  resulting  In 


k^(u-tJcos  0^  04t,oCt^4T 


(188) 


The  signal  component,  Sp,  on  tne  other  hand,  Is  given  by 
t, 


^^^^SGN^COS  CO,tj  C05 


-h 


T 

jns, 


• SG N^CoS  CoS  cu,tut^ 


(189) 


Again,  employing  (186)  and  disregarding  high  frequency  components  In 
each  Integiand  yields 


5^- (190) 

These  results  show  that  the  magnitude  of  the  post  detection 
noise  component  Is  directly  proportional  to  the  "noise  capture" 
interval,  (t2  - t]),  and  the  signal  component  Is  proportional  to  the 
bit  length  minus  the  capture  interval. 

Under  the  hypothesis  that  h|^  = 1,  a decision  error  occurs 
whenever  R^j>  0..  Utilizing  (188)  and  (190),  this  event  can  also  be 
expressed  as 

[-T+  J 

> o. 

In  the  kth  bit,  the  capture  interval,  (tg  - ti),  Is  physically 
constrained  to  be  no  greater  than  the  bit  length,  T.  When 
(t2  - t-| ) > T,  (t2  - t-|)  must  be  replaced  by  T in  (191).  Thus, 
the  event  R{i>  0 Is  equivalent  to 


C05  e 


> for  rt-z-t,)  >T 


(192) 


This  result  leads  to  an  expression  for  the  overall  decision  erro*' 
probability,  Pep,  given  by 

Pe„  = /i  >0)^pJl^  C^S 

* ^ 

->-  (193: 

d-  Pr^Cc>5  B>0,(tr'^>)>~^ 

Since  (tg  - t^)  is  a function  only  of  the  noise  envelope,  it  is 
statistically  Independent  of  the  noise  phase,  0.  In  addition,  the 
event  in  the  first  term  on  the  right  side  of  (193)  can  be  equivalently 
described  in  terms  of  inverse  functions.  (It  should  be  noted  that  an 
error  can  occur  only  if  (tg  - ti)>  T/2,  which  also  coincides  with  the 
bound  CoS  ^ =1  in  (193).)  These  changes  result  in 


-h  Rr-j  Cos 


g>ol-pJ(t,-t,)>r} 
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Finally,  If  9 Is  uniformly  distributed  on  (-  7T,  7T),  this  becomes 


Pe,  = f.  [1^1  ^ 

^±P.{(t.-t.)^r}  ('«) 

or 

I 

Pep  = Vz^K^tJ 

+ -k  Pk  {v,  > tJ  (194a) 

where 

V,  ^ t^-t,  , (194b) 

At  this  point,  It  Is  appropriate  to  consider  the  "capture 
Interval",  V,  , more  closely.  This  time  Interval  Is  obviously  defined 
by  Its  width  and  time  of  occurrence.  The  noise  pulse  width,  A , Is 
defined  to  be  the  Interval  that  the  envelope  of  the  received  noise 
pulse  exceeds  the  desired  signal  amplitude,  or,  alte»*nat1vely,  the  time 
required  for  the  envelope  of  a received  noise  pulse  to  decay  to  the 
signal  amplitude.  Thus,  the  predetection  noise  pulse  width,  A » 1s 
found  by  solving  the  Inequality 

e(-t)  ^ S , t-,  ^ tr  ^ (195) 
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where  e(t)  Is  the  envelope  of  the  receiver  response  to  a noise  Impulse 
at  t = tjj  and  S Is  the  received  signal  amplitude. 

If  the  single-tuned  RLC  filter  of  Figure  2 Is  utilized  as  a 
simplified  approximation  of  typical  receiver  predetection  filtering, 
the  received  noise  envelope  Is  given  by  (70).  By  employing  (70)  with 
t replaced  by  t,  to  obtain  equality  In  (195),  there  results 
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Fe 


- t,  (t.-hA  - t.) 


5 

where  P Is  the  received  noise  pulse  amplitude  and  2b^  Is  the  3 dB 
bandwidth  of  the  predetection  filter  In  radians/second. 

This  leads  to 

A =-^  I, 

It  Is  convenient  to  express  the  random  variable  P In  terms  of  E,  the 
conditional  expected  envelope  voltage  given  P,  as  observed  In  the 
detection  bandwidth.  Evaluating  (72a)  with  c(t)  =1,  for  PSK,  the 
following  expression  for  the  conditional  noise  envelope  voltage,  E, 
Is  obtained. 


F_ 


(198) 
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Hence » 


It  should  be  noted  that  In  practical  communication  receivers,  the 
predetection  filter  bandwidth  (bi/rr  Hz)  Is  equal  to  or  greater  than 
the  detection  bandwidth  (1/T  Hz).  In  this  case, 


(199a) 


(199b) 


(199c) 


The  other  essential  descriptor  of  the  capture  Interval  1s  Its 
time  of  occurrence.  Here,  the  simplifying  assumption  Is  made  that  a 
binary  decision  error  Is  only  caused  by  a noise  pulse  occurring  entirely 
within  the  bit  Interval.  Although  this  obviously  excludes  the  effect  of 
noise  pulses  which  overlap  into  adjacent  bit  intervals,  this  assumption 
does  lead  to  mathematically  tractable  error  probability  expressions. 
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More  Importantly,  however,  the  resulting  computational  results  give 
good  agreement  with  experimental  data.  Based  on  this  assumption,  the 
following  definitions  are  obtained; 

t,  ^ - -y  (200») 

and 

4 tc  + ^ (200>>) 

where 

4 ^ ^ , 

and  tr  Is  assumed  to  be  uniformly  distributed  on  ( A 
Substitution  of  (200a)  and  (200b)  Into  (194b)  yields 

V,  = =A.  '2“’) 

Application  of  (199)  yields 


i,TE 

S 


and,  for  , as  Is  usually  the  case, 


(203) 
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Now,  assuming  the  noise  phase  to  be  uniformly  distributed  on 
(-  fT,  TT)  and  statistically  Independent  of  the  envelope  voltage,  E, 
(205)  becomes 


Pep”^/  Co5  ^ h 

fe  (e)  o(  E 


(206) 


where  E],  E^,,  and  L are  given  by  (205a),  (205b),  and  (199c)  respectively. 

At  this  point.  It  should  be  noted  that  the  first  term  of  (206) 

Is  of  exactly  the  same  form  as  (163).  Thus,  the  numerical  procedure 
developed  In  4.1.1  Is  used  to  evaluate  (206).  In  this  case,  the 
n-fold  partition  of  the  first  Integral  of  (206)  yields 


y.T-LJ'kTEt/s 


Lm  a.TEl/s) 

where  E1*^  and  Ei^  are  the  upper  and  lower  bounds  on  the  l^h  partition 
Integral,  respectively. 


These  results,  1n  turn,  yield 


£;‘"=  A-  E 
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-f)TT  I 
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(208a) 


and 


^i-TTr^ 
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I -h  CoS 
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•J  . 


(2^3b) 


Next,  substitution  of  (208b)  for  (166b)  in  the  arguments  of 
(175  yields 
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f^(5)^E  (209) 
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Finally,  approximating  the  first  term  of  (206)  by  the  average 
of  Its  Indicated  upper  and  lower  bounds  (209),  and  noting  that 
(206)  becomes 


b.T 


L^P 
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cos 


5.2. 1.2  CFSK  Detection 

The  hard-limiting  CFSK  detector  consists  of  the  CFSK  detector 
as  depicted  in  Figure  4,  but  preceded  by  a bandpass  hard-limiter. 
Rearranging  and  combining  the  linear  multiplication  Integration  and 
differential  combination  functions  of  Figure  4 and  adding  the  predetection 
receiver  and  limiter,  result  in  an  equivalent  block  diagram  of  the  hard- 
limiting  CFSK  receiver.  This  Is  depicted  In  Figure  14. 
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Figure  14.  Hard-Limiting  CFSI*'  Receiver 


Here,  the  detector  functional,  Is  given  by 

(Ki-I)T 


_ 2^ 


T 


^(t)  sin  ^sin  cu,Tclt,  ^^ii) 


where  q(t)  Is  the  output  of  the  limiter.  If  the  Input  to  the  limiter 
Is  given  by 


5 C.±)  - 5 CO  S (cOa 

where  S Is  the  signal  amplitude,  e(t)  Is  the  noise  envelope  process,  and 
the  upper  shift  frequency,  co  , Is  chosen  arbitrarily,  then  the 
output  of  the  limiter  has  a rectangular  waveform.  For  conv«‘n1ence,  the 
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amplitude  Is  denoted  as  ZE4  . The  zero  crossings  of  q(t)  are 
assumed  to  be  Identical  to  the  larger  component  of  s(t).  When 
S e(t),  the^  zero  crossings  are  Identical  to  those  of  cos  (£<;,  ) t 

and  when  S < e(t),  the  zero  crossings  are  Identical  to  those  of 
cos  C UJ,-t  i-0(t)'].  Thus,  the  output  of  the  limiter  can  be  written  as 


For  a single  noise  pulse  centered  at  t = t^  such  that  during 
the  kth  Interval  e(t)>  S for  t-|  ^ tj^t2»  the  noise  component  produced 
by  the  Integrator,  N^,,  Is  given  by 

Nc~  Y f TTLS,  SG/<jfros[w.1-i-6Ci-$x 

(213) 

7T  tr 

^ S L s c y)  cl  ^ 

where  t-|  and  X,2  are  given  by  (200a)  and  (200b),  respectively. 

Assuming  the  noise  phase  to  be  approximately  constant  over  the  Interval 
(t],  t2)  and  Introducing  a shift  In  the  time  origin,  N^.  becomes 


^ 3 Un  (^CV»  t — 


Substituting  (186)  In  (214)  results  In 


Cos  KuJ,t 


(215) 


^ sin  (uJ.t 


(216) 

*~u>, 

CoS  fCUJitS/h^t~^> 


SCh  (uf*t  - clt 


Since  the  filtered  noise  process  bandwidth  Is  much  smaller  than 
the  center  frequency,  do'o,  the  contribution  of  the  high  frequency  components 
of  the  Integrand  Is  negligible.  Hence,  the  first  term  of  (216)  predominates, 
yielding 


= sLh  alecs'^  ~ 


(217) 


Again*  It  should  be  noted  that  the  maximum  value  of  N^. 


occurs  when  the  capture  Interval  equals  the  bit  length.  For  this 
case*  t-|  ■ 0.  tg  ■ T and  The  linear 

transformation  results  In 


Nc  = 


Cos  ^ [cos 
Cos  4, 


TT 


The  complementary  signal  component  of  the  detector  functional* 
Is  given  by 


xS  Lh 


JTt 

T 


Sir)  J.  t 


T 


St  h Set)  CO, ~t  , 


Substituting  (186)  In  (219)  results  In 
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Also,  since  the  signal  bandwidth  Is  much  SiTialler  than  the 
center  frequency,  the  contributions  of  the  high  frequency 
components  of  the  Integrand  are  negligible.  Hence,  only  the  first 
two  terms  of  (230)  contribute  significantly  to  S^.,  and 


Therefore,  the  total  functional,  R^|,  given  that  the  upper 
shift  frequency  signal  Is  transmitted.  Is  the  sum  of  (218)  and 
Sc  (221): 

- ^ COS(f>  (cos  - CoJ 

t,-t,  4 T 


(221a) 
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Here,  a decision  error  occurs  when  0.  However,  the 
problem  of  noise  pulse  position  Is  now  significant.  In  this  case, 
the  detector  functional  Is  a transcendental  function  of  pulse 
position  and  pulse  width  (or,  effectively,  noise  envelope  voltage,  E) 
as  opposed  to  the  simpler  PSR  functional  which  Is  a linear  function 
of  pulse  width  only. 

An  exact  CFSK  error  probability  expression  iiiust  Include 
statistical  averaging  with  respect  to  both  t^  (pulse  position)  and  E 
(pulse  width).  However,  the  transcendental  character  of  the  detector 
functional  promises  to  make  an  exact  computation  very  formidable. 

This  Is  further  compounded  by  the  unavailability  of  a closed-form 
expression  for  the  envelope  voltage  probability  density.  Therefore, 

It  Is  desirable  to  seek  a simplified,  but  viable,  alternative  to  an 
exact  solution  of  the  CFSK  error  probability. 

To  this  end,  a truncated  Taylor  Series  expansion  Is  developed 
as  an  approximation  of  the  CFSK  error  probability. 

The  average  probability  of  error,  Pec»  1s  given  by 

p = ^ p. , y 


where,  from  (220a)  and  (220b), 


(223a) 


A 


(224) 
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and  the  conditional  error  probability  (given  t^.)  Pec/^c  given  by 

r-i/,  - T/2/r(ii-i/J^  I/,  ^r)  (225) 

+R-{-  i/,>rj_ 

Since  -COS0  end  cos0  have  Identical  probability  densities  for  0 uniformly 
distributed  on  ^ ^ h-hl  cos  0 can  replace  (V4>V5)  cos0 

In  (22S).  This  results  In 


ec/fc^ 


- cos 

T-K  y,^Tj 

^r^f-'^Cos  ^>a^y,>Tj 


~ I ^ CoS  4 > 


T-V,  -(T/ijrXv.-vd  \ 

(.2T/n)W^-Vs\  , 
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Vs  •— • 


Noting  that  9 Is  statlstlcslly  independtnt  of  t^  and  E,  (226)  can  be 
rewritttn  as 


r -'[t-K  - CT/zirXl^i-^) 
^ ^ r 


(227) 


Pr 


>t 


Where 


r-  V,  - (r/z  tt)(  14  - k ) 


(2T/TT)I  \A/~^sI 

This  can  also  be  rewritten  as 


= / 


(227a) 


l/,=  W"# 


'2  f C£j>  ^ E ^ 


L J 


(228) 


Vq  Is  given  by  (227a)  and 


Proceeding, 


-/  r r-v,  -(T/27rXii- 

[ (2T/TT)IV^-Vs-I 


X 


^ -fc  ( eA  E. 


oo 


where 


_ J.  -/  r r-v,  -CT/2iT)(.vt- yjJj , 

TTCoS  j_  (2T/rr)l\/,-i/sl  J (231) 

^ -IACV,-T)'J 

+ i U(l/,-T)  , 

U[®]  is  the  unit  step  function,  and  Vq  Is  given  by  {ZV&).  (Tt  should 
be  noted  that  ^ (V^)  is  a continuous  function  of  E for  V^.)  Also, 

(227a)  implies  that 


(231a) 


The  unit  step  function  U(V|(-Y),  can  also  be  expressed  In  Integral  form 
([1],  4.3.142)  as 


oo 


0*0 


= ^ f[sLr)  77  ^ m( U~y)^  (232) 
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Substitution  of  (232)  In  (^31)  results  In 


I 


~T-'/,-(T/2ir)(v,-\/3) 


OS 


(2T/n)jV^-Vf\  J 


x[s^n  ir(\/,-v,)?r-si:hn(v,-'T)^l^ 


? (233) 


«X3 


+ w /f[sc>^Tr(Vri)^  fSinn§^^ 


At  this  point,  It  Is  convenient  to  define  V^.  1 = 1,  . . . 5,  as  the 
value  of  the  random  variable  as  averaged  with  respect  to  t^. 
Mathematically. 


^ < V,  ^ I,  f . 

Since  >0  for  0^  V-j^  T and  Vq>  0,  the  in\:egrand  of  the  first 

term  on  the  right  side  of  (233)  Is  an  analytic  function  of  all  the  V^'s 
for  1 T.  Therefore,  the  first  Integrand  cf  (233)  can  be 

expressed  In  a multivariate  Taylor  series  In  terms  of  V^'s.  Likewise, 
the  second  Integrand  of  (233)  Is  an  analytic  function  of  V-j  for  any 
finite  V-|.  Specifically,  ,hen.  It  Is  possible  to  express  the  Integrands 
as  power  series  In  (V^  - V^). 
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Thus,  the  function  g (V.)  can  be  represented  as 


g = 


Tr 


o<tO 


where 


L^! 


i/=\/ 


" TT-B  [ 


-/ r T-K 


(235) 


(^r/TT)lv^-Vfl 


X r sin  Tr(Vr^»)z  fr(^rT)B]  (236) 

Ltm 

TT(V,-T)i  -hSin 


Because  of  the  unavailability  of  a closed-form  expression  for 
the  probability  density  of  E,  computation  of  high  order  statistical 
moments  of  V^'c  is  very  difficult  to  obtain.  Therefore,  It  Is  worth- 
while to  see  If  the  exact,  but  formidable,  evaluation  of  (235)  cat,  be 
simplified.  Specifically,  It  Is  proposed  that  the  Integrand  of  (235), 
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, be  approximated  by  the  constant  plus  linear  terms  of  the  Indicated 
Taylor  series  representations.  In  5.3«  It  Is  shown  that  this  truncated 
series  approximation  does  provide  close  quantitative  agreemu^nt  with 
measured  experimental  results.  These  approximations  yield 


where  Is  given  by  (236). 

Substituting  (237)  Intc  (230)  and  (230),  In  turn,  Into  (223)  yields 

cxs 

(238) 
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where  E-j  Is  given  by  (228a). 
Kovfever*  from  (234) 


<(Vi  -v,\  = <V, - = 6\  W 

Also  note  thet  f ~ is  a finite  constant  for  0^  Vi^  T. 

L 1^4  J V - k 

Hence.  (239)  reduces  to 

oO 

Pec=/feCe)=<£^^A?/r^ 

C,  ^ 


Od  OO 

j'  fe  (e)c^£  “frj^-  ^ 

n r.  fT-9.-(T/2Tr)(<i-vd] 
i (2T/n)iv^  -Vi\  j 

^ [si^  tt(v,  -k)z  -smrr(C>;-r)ij 
4- i [sir  Tr(Q, ~T)i  -sin rrzjj 

OO 

(E)^ 

’^[u(K - u Cv, -T)]  -f- 


X 


tfhere 


«c  ttJ  Cos  ^ (2T/Tr)l\X-% 

x-fg  (E)dE 


-t-  2^’^e  (E)dE^ 

1^2 


■ V.  -(T/2V)(Vi-vi) 
(2T/n)iQ,  - Vsl 


=■■), 


V-’,  =V4 


(241) 


(241a) 


= v/, , 

(241b) 

= T. 

(241c) 

E 


^ ' I e -E, 

and  ]/  = V , 

In  order  to  complete  this  portion  of  the  analysis.  It  Is  necessary 
to  evaluate  the  V^'s. 

Vi  Is  given  by  (201)  as 


Hence,  employing  (234), 


V,  =<v,\^  = A . 

Also,  from  (234),  (222a),  and  (222b), 


^ f)  / 27r^^^  ^.■2TT-t,\ 


Substituting  (2J0a)  and  200b)  and  applying  (224)  yields 


o ; ZJL/-T-  A 
'Sin  7-  ( /c  2 


- cos^ 


c 


From  (234),  (222c).  and  (222d), 


^ / JTt-x  ^ ^ TTt,  \ 

\/^  =iccs'A^  -cos~\^  . 

Again,  substituting  (200a)  and  (200b)  and  applying  (224)  yields 


V„-Wc  =, 


T-  ^ 

Sin^fsin 

2 


-n.  A 

ttt;!  ^ 


2T  'TA.r  TTT:] 

" 2T  T i 


. TT^  ^ ^TTA 


2 T ^ • 7TA 


0 


(242e) 


2T 

TT^r-A) 


Sin 


TTA 

T 


Substituting  (242)*  (242b)  and  (242c)  In  (241)  yields 


r T-A  t (T/Tr)^m  P24r-^ 

L (‘^TyTt)[si>i  :^/jT(r-A)J 


OC?  (243) 


At  this  point,  H Is  apparent  that  the  argument  of  Cos"^  [ • ] 

In  (243)  Is  not  a combination  of  linear  terms  as  It  Is  In  the  PSK  case 

(206).  However,  In  order  to  employ  the  numerical  integration  technique 
previously  developed  for  the  PSK  functional.  It  Is  necessary  to  find 
's  for  arbitrary  arguments  of  Cos“^  [ • ].  Unfortunately,  the  exact 
argument  of  Cos"^  C • ] 1i^  (243)  Is  a transcendental  function  of  A and 
thus,  the  first  Integral  of  (243)  Is  not  directly  suitable  for  numerical 
evaluation.  Therefore,  It  Is  desirable  to  express  the  argument  of 
Cos“^  C * ] as  a combination  of  linear  terms  to  facilitate  the  numerical 

evaluation  of  (243).  Because  the  second  term  of  the  numerator  is  zero 

at  /I  ■ 0,  and  A * T and  much  less  than  the  linear  terms  for  0 ^ T, 

It  may  be  neglected  to  yield 
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T-A-h (T/Tt) Ys t n /f r-A)  ~r- A,  (2«» ) 


(It  should  be  poted  that  both  the  left  and  right  sides  of  this  expression 
are  zero  at  4 • T.) 

Also,  the  denominator  of  the  argument  of  Cos'^  [ • ] may  be  approximated 
as 


(ht/tt; 


m 


rr  (r-A) 


(243b) 


(Here  It  should  be  noted  that  both  sides  of  (243b)  agree  exactly  for 
^ ■ 0,  T,  the  limiting  values.) 

Incorporating  these  approximations  In  the  argument  of 
Cos“^  C • ] In  (243)  results  In  the  overall  approximation 


T-A + (T/n)tsih  r-A 

(2T/n)  ^sin  ™ /(t-a)  . 


(243c) 


Figure  15  shows  both  sides  of  this  relationship  (243c)  as  a function  of 
A /T.  It  should  be  noted  that  the  exact  and  approximate  curves  naarly 
coincide  at  a value  of  1 where  A/T  « .45.  This  Intercept  corresponds  to 
the  minimum  fractional  pulse  width  which  can  cause  a decision  error. 

Also,  the  curves  coincide  at  0 when  A/T  » K Therefore,  substituting 
(243c)  In  (243)  results  In 
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F-RfiCTioNPiL  puLsruiinn,  A/i 

Figure  15»  Arguments  of  Cob”^(  • ) in  the  CPSK  Detector  Functional: 

(1)  , r™  (mu  -4 » 

(iT/7T)  Ysln  ^)/(T-A) 

Approxiaeied  by  (2;  ~ ^ 


CH/TT)^ 


, from  (2li3c). 


~z  J ^ 

where  E,  and  Ej,  are  defined  by  (241a).  (241b).  and  (24k).  (Ncie  that 
E2  corresponds  to  ^«T.) 

A1  so 


-l 


b,T-U(y,TE/s) 

(^/n)U(t,.TE/s)J 


X 


-£^(e)c^e 

^■kf  ■f^(E)UE  . 

Here  the  minimum  capture  Interval,  %y  must  satisfy 


(24; 


T - V. 

Q//1T)  Q, 


or 


V.  - T/E/^CVrr)] 


(244 


so  that,  substituting  Vq  for  In  (199c), 


5 k,T/( ! -h  ^yn) 

“ t,T  ^ 


(244b) 


It  Is  apparent  that  the  final  CFSK  error  probability  expression 
(243d)  Is  quite  similar  to  the  preceding  PSK  result  (206),  differing  only 
in  the  lower  limit  and  the  coefficient  of  the  denominator  of  Cos~^  [ • ] 

In  the  first  Integral.  Thus,  the  PSK  numerical  evaluation  procedure  can 
be  applied  directly,  except  that  here  the  n-fold  part'ttlon  of  the  first 
Integral  requires  that 


and 


^ -if  k>,T-U(b,TE!'/s)']__,,  7T 

L C^/rr)L.(i,jEr/s)j  ^ 


(245a) 


h.T-  L^Cb.Tt.yi-) 
Qi/rT)Lr,(L.TE‘*/s) 


2n 


(245b) 


where  and  E^^  are  the  upper  and  lower  bounds  on  the  1th  partition 
Integral,  respectively. 

From  (245a)  and  (245b)  E<|^  and  E^^  are  found  to  be 


xp 


I -h  ( H/rr)  CoS  ^ J 


(246a) 
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and 


= [■ 


fc.r 


I +(Vir)ccs^j 


(246b) 


Substituting  (246b)  for  (206b)  In  (210)  results  In 

Pec  - i pfi^  e ^ 


-f- 


+ P 


& ^ ""iJ 


(247) 


5. 2. 1.3  MSK  Detection 

At  this  point,  hard-limiting  MSK  receiver  error-rate  performance 
can  be  obtained  directly  by  applying  the  results  of  the  MSK  system 
analysis  of  3.4  to  the  hard-limiting  CFSK  performance  estimates.  First, 
It  should  be  noted  that  a predetection  bandpass  hard-limiter  affects  a 
received  MSK  s1gna1>p1us-no1se  exactly  the  same  way  as  it  does  the  CFSK 
signal-plus-nolse.  This  conclusion  Is  based  on  the  fact  that  the  MSK 
signal  has  an  FSK  waveform  which  differs  from  the  CFSK  waveform  only  In 
the  magnitude  of  Its  frequency  deviation  from  center  frequency  (or 
modulation  Index).  Therefore,  the  Instantaneous  phase  (or  frequency) 


of  the  fundamental  component  of  the  ^Imlter  output  coincides  with  that 
of  the  larger  Input  component  - desired  signal  or  noise.  Subsequent 
to  the  limiter,  the  MSK  and  CFSK  detectors  arf?  functionally  Identical 
to  those  described  In  3.4  and  3.3,  respectively.  Hence,  the  error 
rate  of  the  hard-limiting  MSK  system  Is  functionally  related  to  that 
cf  the  hard-limiting  CFSK  system  In  the  same  manner  as  for  the  post- 
limiting  detectors  described  In  3.3  and  3.4. 

Specifically,  It  was  determined  In  3.4  that  the  error  probability 
of  the  MSK  detector  (157)  Is  of  the  same  functional  form  as  that  of  the 
CFSK  detector  (142).  In  particular,  the  MSK  expression  (157)  can  be 
obtained  by  replacing  T by  2T  In  the  CFSK  expression  (142).  Therefore, 
this  substitution  In  the  hard-limiting  CFSK  error  rate  expression  (247) 
results  In  an  expression  for  the  MSK  single-nolse-pulse  error  probability, 
Pern* 


zk,T/Cn-v/n)^ 


(248) 


n-(‘i/n)cos 
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y 


These  resultant  hard- limiting  receiver  error  probabilities 
for  one  noise  pulse  per  bit  are  computed  on  the  basis  of  first-order 
truncated  Taylor  series  approximations.  As  noted  earlier,  a more 
ideal  treatment  would  be  to  compute  the  error  probe^bllltles  as  an 
exact  function  of  noise  pulse  occurrence  time  and  then  average  with 
respect  to  occurrence  time.  However,  the  fact  that  the  detector 
functionals  Involve  transcendental  functions  of  the  occurrence  time 
and  noise  pulse  amplitude  makes  this  latter  approach  Impractically 
formidable. 

Although  no  experimental  VLF  data  is  available  for  validating 
the  approximate  PSK  analysis,  the  subsequent  multiple  noise  pulse 
analyses  of  CFSK  and  MSK  performance  are  clearly  validated  by  measured 
data. 

5.2.2  Coherent  Detection  with  Hard-Limiting  and  Multiple  Noise 
Pulses  per  Detection  Element 

5.2. 2.1  The  Noise  Envelope  Voltage  for  Multiple  Noise  Pulses 

The  preceding  discussions  have  addressed  the  case  where  only 
one  noise  pulse.  If  any,  occurs  during  a detection  period  (bit  length). 
In  order  to  consider  the  case  of  multiple  noise  pulses,  U 1s  first 
necessary  to  refine  the  definition  of  the  noise  envelope  voltage,  E. 
Because  of  the  Impulsive  nature  of  the  atmospheric  noise,  certain 
simplifying  assumptions  are  employed.  These  are:  (1)  noise  pulses 

exceeding  the  signal  level  are  considered  to  be  non-overlapping; 

(2)  the  phase  anglos  of  the  noise  pulses  are  statistically  Independent; 
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and  (3}  pulse  amplitudes  within  a given  detection  element  have  a 
monotonic  amplitude  relationship  wherein  any  two  pulses  most  nearly 
equal  In  amplitude  have  amplitudes  In  the  ratio  r^  1.  Thus,  from 
(70)  the  multiple-pulse  noise  envelope  process  would  be  of  the  form: 

e(t) 

L=o 

5.2.2. 2 Real  Axis  Projection  of  the  Sum  of  N Independent  Vectors 
of  Equal  Magnitude 

Before  proceeding  to  a consideration  of  detector  functional 
performance  In  the  face  of  multiple  Independent  noise  pulses.  It  Is 
necessary  to  consider  the  effec+-1ve  contribution  (real  axis  projection) 
of  the  vector  sum  of  multiple  vectors  having  equal  amplitudes  but 
uniformly  distributed  phase  angles.  Briefly,  the  problem  Is  to  assess 


(250) 


and.  In  particular,  to  derive  a useful  probabilistic  expression  for 
where 


^COSOC  (251) 

l=! 

and  the  0.j's  are  statistically  Independent  and  each  uniformly  distributed 

on  (-  rr*  ^)- 
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/ 


Obviously, 


--  COS  B ^ -IT 4:  B ^ rr^ 
and 


Pj^  (s)  ^ Pr(^,  ^ b)  = Pr  ^ ^ 2)^ 


or 


PrO&l^  CoS-'(£))^ 
CoS~'(^) 

(b)  (AB  , 


However, 


Zir  f 


and  thus. 


f'/ 


^ CoS  C^) 

=^Cos''(z). 

<CoS-'Ci) 


I 

f 

t 

I 


(252) 


(253) 


I 


Now,  using  the  method  described  by  Bennett  [7],  a general 
procedure  Is  developed  for  evaluating  P,  (li-)  for  N > 1.  Considering 
the  probability  density  function,  , where 


4=  I 


it  Is  obvious  that 


f,(i)=0,U\>N  . 


Thus,  since 


(253a 


(253b 


/f 

and  Is  piecewise  continuous,  can  be  represented  by  a 


Fourier  exponential  series: 


j nn  7TE- 


th  = — oo 


^ _ /V 


Zr^N  (254) 


0 ^ elsei^^e^e  , 


Here,  the  coefficients  are  given  by 


: MTTZ 


/■  ^ 

2N  / A (i)  ^ 

I /■  ,^?rg 

>-  /V  ^ 


However , 


oo 


Is  the  characteristic  function  of  the  random  variable,  Z|^. 
Since 


where 

^ = COJ  6i , 

and  the  6-|'s  are  statistically  Independent, 


(255) 


(255a) 


(255b) 


(256) 
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Evaluating  the  characteristic  function  for  i\. 


The  probiblllty  density  function  Is  then  given  by 


) 


~N 


for  -N  Z ^ N and  Is  zero  otherwise.  Note  that  C^)  Is  an 

even  function  of  Z. 

A1  so, 


OC3 


fr i J 


(zei: 


(hnTT’i 


'J 


for  -N  Z ^ N and  zero  otherwise. 

Figure  16  Illustrates  the  form  of  (Z)  for  representative 


values  of  N. 


5. 2. 2. 3 Multiple  Noise  Pulses  In  the  PSK  Functional 

Now,  extending  the  analysis  to  a consideration  of  multiple 
noise  pulses  occurring  auring  one  detection  element,  the  simplifying 
assumptions  of  non  overlapping  pulses  (above  the  signal  level), 
statistically  Independent  phas<)  angles,  and  a constant  ratio,  r^  1, 
monotonically  relating  the  amp'iltudes  of  any  two  pulses  most  nearly 
equal  In  amplitude  are  used.  Tnis  latter  condition  Implies, 
that  for  a sequence  of  N noise  pulses  In  (0,  T)  having  the  maximum 
amplitude  P,  the  total  noise  Input  consists  of  the  set  of  pulses: 

r -Ui-t.)  I 

e , i = L"  ' '^"'j 

The  sequence  of  N noise  pulses  whose  envelopes  exceed  the 
signal  amplitude,  S,  produces  a net  limiter  capture  Interval  which  is 
the  sum  of  the  capture  Intervals  of  the  Individual  pulses.  The  duration 
of  the  1th  capture  Interval,  produced  by  the  pulse,  Is  given  by 
(197)  as 


(262) 


In  turn,  the  average  contribution  of  this  capture  Interval  to 
the  total  post  detection  noise,  Npi,  Is  given  by  (188)  with 
replacing  (t2  - t^). 
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- 


LS. 

T 


A i cos  Bl  , 


1^0, 


N-/. 


(263) 


Hence,  the  total  post  detection  noise  component,  Np/N  Is  given  by 


i-o 


LS, 

T 


N-! 

£.  csi  cos  Bi 

“ m 

L=o 


(264) 


On  the  other  hand,  substitution  of  the  total  capture  Interval, 
for  (t2  " t])  In  (190)  yields  the  post-detection  signal  component 


0,  £Ai>T 


(265) 


Consequently,  under  the  same  hypothesis  as  5.2J.1,  the  PSK  detector 
functional,  Rd/N»  conditioned  on  N noise  pulses.  Is  given  by 
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Vs 


It  should  be  iioted  that  Rj/n,  as  given  by  (266),  Is  a function  of  the 
random  variables  P (or,  equivalently,  E),  Oi(i  = o,  , 

and  N.  Hence,  the  present  analysis,  which  Is  based  on  the  random 
variable  R(j/[^>  Coes  consider  its  random  constituents.  For  given  values 
of  the  random  variable  r and  N,  a decision  error  occurs  whenever 
R<1/N>0.  Thus,  vhe  probability  of  error,  conditioned  on  r and  N, 
is  given  by 


t — T ^ 

+ f >tJ 


or 


[/v-j  rv'/  — j 

^AiCoS0i>T  - ^ Ai  ^Ai4T 

L-o  c-0  ’ J 

■t  I . >7^x 


X R-[£a.'  >t]  _ 


(266a) 
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V.  • 


In  5. 2. 2. 2,  the  probability  density  of  the  sun  of  equally 


weighted  sinusoids  whose  phase  -ngles  are  statistically  Independent  and 
uniformly  distributed  on  (-  77  , 7T  ) Is  derived.  In  particular,  It  Is 
shown  (260)  that  this  probability  density  Is  an  even  function.  Moreover, 
Bennett  [7],  in  his  more  general  treatment  of  the  subject,  shows  that 
the  density  function  for  arbitrarily  weighted  sinusoids,  whose  phase 
angles  are  also  uniformly  distributed  on  (-  TT  . 7T  ) and  statistically 
Independent,  Is  an  even  function  ([7],  (25)).  Hence*  the  probability 
density  of  the  random  variable  Y^^ALcojO^i^  Is  an  even  function 
of  Y.  Consequently, 

Pr[y=  cos  >0 

Using  this  rer.ult  and  (262)  In  (266a)  leads  to 
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In  order  to  express  this  result  In  terms  of  the  observed  (post-detection) 
noise  envelope,  E,  It  Is  convenient  to  first  determine  the  contribution 
of  the  1^*^  observed  noise  pulse  voltage,  E^,  to  the  overall  envelope 
voltage.  From  (198)  when  b,  T >>  1 


L-0,  ! 


(271 ) 


Since  the  noise  process  for  a bit  Interval,  T,  consists  of  the  set  of 
N pulses  whose  amplitudes  are  , the  observed 

noise  voltage  fcr  the  Interval  Is  given  by 

N-t  p N-l  . 

i=0  ^>'1=0 

Thus, 


h,TE^ 

^ r‘‘ 


(273) 
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Vs  - 


At  this  point.  It  Is  necessary  to  consider  the  term 

t^-i  L=o 

more  closely.  Clearly,  chls  term  and  ^cos  ^ ^ h not 


L-O 

statistically  Independent.  Therefore,  It  Is  proposed  to  approximate 
N-! 

^ Lcos  Oi  by  Its  expected  value,  conditioned  on  Zj^.  First, 


c=o 

consider 


Hence, 


(274a] 


(274b) 
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Therefore, 


with  this  approximation  (274)  becomes 


where 


r- 


l.,rB 

U,S 


~h 


I N (N-l)Ui. 
’ ~ 'ZL,T 


H-i  . 


and  Zm  Is  given  by  (253a). 
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oo 
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where 


^(0)  = g(u.,U,) 

- P f ti/u(^^)] 

>^[u(e-e,)~u(e-eJ] 

-t-i  lk(E-£,) 


andP2n  [ * ] Is  given  by  (261),  Is  the  least  value  of  E such  that  an 

er:*or  can  occur  ( ^Ai*  T/2),  and  Eg  Is  the  value  of  E such  that 
■ T,  and  the  first  term  has  the  value  1/2. 

These  limits  of  Integration  are  based  on  two  distinct 
considerations.  From  (277),  the  argument  of  [ ' 3 Increases  as  E 
decreases.  However,  the  definition  of  Z|^,  (253a),  constrains  ^ N 
and  thus,  P^p  [Z]  Is  non  zero  for  Z N.  This  maximum  value,  N,  of 
the  argument  of  P2n  corresponds  to  the  minimum  value  of  E,  E] . 


Hence, 


Since 


, ^ . nCn-i)  ...  /fc. re'i 

t,T“  Lij  2. / 
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i.  N'i 
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f Tu) 
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(278) 


(278a) 


(278b) 
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Also,  g(U)  Increases  (nonoton1«.a11y  with  E up  to  a maximum  of  1/2  (where 
the  detector  voltage  results  from  noise  alone  and  lE^i  »T). 
Consequently,  at  £ * £3  (where  * T), 


,,  r-  (m 


-L  (?79) 
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or 
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Rewriting  the  unit  step  functions  of  (277)  In  Integr&l  form  (232) 
results  1n 


^Ca}  = 


n -r  // 
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V. 


since  tne  Integrand  of  the  first  term  is  an  analytic  function  of  U] 
and  Ug  for  £■)  il  E eg’  expanded  In  a bivariate  Taylor 
series  about  u\  and  Ug  where 


Likewise,  the  Integrand  of  the  second  term  can  be  expanded  In  a Taylor 

>N 

series  about  Eg  ■ Eg  where 


(282a) 


Recall  that  the  average  probability  of  error,  conditioned  on  iv‘  alone, 
1s  given  by 


= <P. 


r 


= <y^ 


£, 

oO 


, (283) 


Thus,  If  tne  intejranus  ov  g(U)  In  (281)  are  approximated  by  the 
constant  plus  linear  terms  of  the  indicated  Taylor  series  expansions, 
(?^3s  Li'CJmes 


\ 
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(284) 

[sen  -sen/rCe-t)i/J 

+- [sun  tt{e -B>)y  + siufT 0 V 

(Note  that  the  averaging  Indicated  by  (283)  reduces  the  linear  terms 
of  the  Taylor  series  to  zero.) 

This  result  can  also  be  rewritten  as 


] 
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^fe(  ^ ^ 

2^  fe  Ce)JE  . 


(285) 


The  statistics  of  the  random  variable  r and  the  functions  ^ 
and  are  derived  In  Appendix  B.  There  the  mean  value  of 
Is  derived  and  Is  given  by 
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where  X is  the  ratio  of  the  slope  of  the  impulsive  noise  component 
(Power  Rayleigh)  APD  to  the  slope  of  the  near-Gaussian  noise  cor^ponent 
(Rayleigh)  APD. 

However,  the  moments  are  only  defined  in  te^s  of  definite 
integrals  or  infinite  series  exn^nsions.  Hence,  the  averaging  process 
Is  only  indicated  here  as 


U| 


N-l 

^ ^ 


(286) 


but  U-|  is  retained  to  simplify  the  ensuing  mathematical  expressions. 
Substituting  (B12)  in  (278)  and  (280)  results  in 


(L,r-fN(N-l)XL2)4/^j  (287) 


and 


E^=  ^ E^^[(l,Ti-.5N(N-l)XL2)/N]  (288) 
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Substituting  (B12)  and  (286)  In  (285)  yields 


l,7~ -hSNCf^-OXU^  'NU( 


X f,  ( e)  ^ E 
^ iy^  f,cs)c^B . 


(289) 


This  result  Is  of  th«  same  form  as  (206)  for  the  single  noise 
pulse  case,  except  that  P^n  t ' 3 replaces  J N>l  . 

(Note  that  [ • 3 — ^ Ccs  C*J 
particular  case  of  (289)  where  N ■ 1 . ) 

Again,  the  numerical  procedure  of  4.1.1  Is  applied  to  evaluate  (289). 

The  M-fold  partition  of  the  first  Integral  defines  upper  and  lower  limits, 
and  respectively,  of  the  1^^  Integral  which  must  satisfy 

p hj+SN(^J-dXL2-NUKTEl!^,s)],-i 

^ -.S(n-i)XL>>2  ■l-L^(k, TF^yus) j 
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These  relationships  yield 


k.T 


t , T -h . 1 5 J W 
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Finally,  utilising  (291b)  In  place  of  (208b)  In  (210), 


(291b) 


PcWN  = tP 


P^ ir  Py"! 


1(292) 
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5. 2. 2 *4  Multiple  Noise  P>;1aes  1n  the  CFSK  Functional 

In  order  to  analyze  CFSK  detector  performance  with  multiple 
noise  pulses  per  bit.  It  Is  convenient  to  begin  with  one  of  the  final 
>'esults  of  the  earlier  single-pulse  analysis.  Specifically,  the 
probability  of  a CFSK  error  was  siver  ty 

p . J_  rp)AP 


exs 

■f  "z  , 

CWS) 

F’»<  f f fe.CE)  J.E  ^ 
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where  g^^|(E),  the  conditional  error  probability,  given  E,  and  one  noise 


pulse  per  bit,  is  defined  by 


Cos''  L^aJ, 


(293a) 
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However,  g^^i  (E)  can  also  be  expressed  as  ^ 


rj^-1 

L&/7r)Aj 


U , £ 


E ^E^p> 


or 


fell  ^ ^ 


+ i Pr-[i-^^^lil  , 


or 


+ F^^Coss>o  ^ A >rj^ 


or 

g-^l,  (E)  = Pr-[(  f/rr)A  cas&>T-A, 

A ^i  T J 

(294) 

+■  P-  [( ‘f'F/n-)  <s  > a_,  zi>t]  ^ 

With  thin  latter  formulation  of  g^/]»  an  expression  for  the 
multiple  noise  pulse  case,  9c/p»  can  be  obtained  directly  by  replacing 
^ with  and  ^cosSwIth  i£At,cosO^.  This  yields 
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where  the  conditional  probability  of  CFSK  error,  given 

E,  r,  and  N.  Utilizing  (262)  and  (273),  this  becomes 


Cp)= 


h,T‘ 


C-0 


Application  of  (274c)  results  in 
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where  U-j  and  U2  are  given  by  (276a)  and  (276b),  respectively,  and 
by  (253a).  This  result  can  be  rewritten  as 


where  E-j  1s  the  root  ^ ^ ^ ^2  of  Pzn  t ® ] = '/<^ 

and  corresponds  to  T.  At  this  point.  It  Is  expedient  to  note  the 

similarity  of  (298)  and  the  corresponding  PSK  expressidn  (277).  The  only 
difference  between  ^ (U.)  from  (277)  and  from  (298)  is  that 

the  argument  of  P^n  C « ] In  (298)  Is  multiplied  by  7T/4. 

Because  of  this  similarity.  It  Is  possible  to  simply  modify  the  final 
results  of  the  PSK  analysis  to  account  for  the  7T/4  multiplier  in  the 
argument  of  P^p  [ ® ] • Therefore,  the  CFSK  error  probability,  conditioned 
on  N noise  pulses.  Is  obtained  by  suitably  modifying  (289)  to  yiel  (202) 


IT 2 -NU  " 
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(299) 


^ / f^CF)dF 


where  tji  Is  given  by  (286)  and  “Eg  by  (288). 

On  the  other  hand,  thr  lower  limit  of  the  first  Integral,  E-j,  must  satisfy 


(300) 
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This  leads  to 


^ I ~r  T"  S OY^Lh  2 - N Lh 
CVrr)^-.  5 (N  - 1)  X 2 i- 


or 


As  In  the  PSK  case  of  5. 2. 2. 3,  the  numerical  Integration  procedure  of 
4.1.1  Is  applied  to  evaluate  (299). 

5. 2. 2. 5 Multiple  Noise  Pulses  In  the  MSK  Functional 

From  the  preceding  analyses  of  MSK  detection,  It  was  determined 
that  the  MSK  error  probability  expressions  are  of  exactly  the  same  form 
as  the  CFSK  expressions.  The  only  difference  Is  that  the  element  length, 
T,  of  the  CFSK  expression  Is  replaced  by  2T  for  the  MSK  expression,  given 
the  same  data  transmission  rate  for  both  systems.  Therefore,  the  MSK 
error  probability,  Pen/N,  for  N noise  pulses  Is  readily  obtained  by 
substituting  2T  for  T In  (288),  (299),  and  (301).  This  substitution 
results  In 
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fe 
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E,  = ^^E;(J[2nt>J/{i^n)tSN 


E^=  iTN<:v-/)x^^ 2yNj  _ (S04) 


The  first  Integral  of  (302)  can  also  be  evaluated  by  the  numerical  procedure 
of  4.1.1. 

5.2.3  Evaluation  of  the  Probability  of  Decision  Error 


The  preceding  results  have  given  decision  error  probabilities  as 
a function  of  signal-to-nolse  ratio  conditioned  on  the  number  of  noise 
pulses,  N,  per  decision  e’  ment.  The  total  error  probability,  Pg,  Is 
clearly  given  by 


(305) 
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oo 
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where  P^N  1s  the  probeMllty  of  decision  error  given  N noise  pulses 
In  a decision  element,  and  Pr(N)  Is  the  probability  of  N pulses.  As 
an  Initial  estimate,  the  times  of  occurrence  of  the  no1s<;  pulses  are 
assur*ed  to  be  statistically  Independent.  In  this  case,  the  probability 
of  N noise  pulses  occurring  In  a time  period  T will  have  the  Poisson 
distribution 


(42) 


wh^^-re  Is  the  average  pulse  arrival  rate  In  pulses/ second. 

Also,  error  rates  are  computed  on  the  basis  of  a "clustered" 
noise  pulse  distribution  which  Is  more  descriptive  of  the  multiple 
noise  pulses  emanating  from  a single  lightning  discivirge.  Under  this 
condition,  the  probability  of  N pulses  occurring  In  a time  period,  T, 
given  by 


-hr- 
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there  the  average  number  of  pulses,  N,  in  T seconds  Is  given  by 


(56) 


N = h^/z  - '/‘i  -P  e 
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The  following  section  describes  a itiethod  for  estimating  <x  T 
(under  the  assumption  of  statistically  Independent  pulse  occurrence  times) 
or  N (under  the  assumption  of  "clustered'*  pulse  occurrence  times). 

5. 2. 3.1  Determination  of  the  Average  Number  of  Impulsive  Noise  Pulses 

Per  Decision  Element 

In  Figure  1,  several  Amplitude  Probability  Distributions  of  the 
envelope  of  atmospheric  noise  are  shown.  As  previously  noted,  each  of 
these  curves  consists  of  three  regions:  (1)  The  straight-line  region, 

corresponding  to  the  lowest  amplitude  levels  (greatest  probability  of 
being  exceeded)  whose  slope  Is  -1/2;  (2)  The  medial  region,  consisting 
of  a circular  arc;  and  (3)  The  Impulsive  high-amplitude  region,  which 
Is  a straight  line  whose  slope  Is  given  by  -X/2  [10].  It  should  be 
noted  that  the  straight  line  labeled  V^j  > 1.05  dB,  whose  slope  Is 
-1/2,  depicts  the  Complementary  Distribution  Function  (P^Ce  ^ C])  of 
the  envelope  of  Gaussian  Noise,  a Rayleigh  distribution.  Although  the 
present  analysis  Is  predicated  on  the  higher  amplitude  Impulsive  noise 
being  the  preponderant  cause  of  binary  decision  errors,  a consideration 
of  the  principally  Gaussian  low-amplitude  component  of  the  noise  Is 
useful.  Specifically,  the  characteristic  of  Interest  Is  the  voltage- 
level  crossing  rate  of  the  noise  envelope. 

5. 2. 3. 2 Voltage-Level  Crossing  Rate  of  the  Envelope  of  Gaussian  Noise 

In  considering  the  Gaussian  component  of  the  overall  atmospheric 
noise.  It  Is  appropriate  to  apply  a result  derived  by  Rice  [44]  giving 
the  voltage-level  crossing  rate  of  the  envelope  of  Gaussian  noise. 
Although  the  actual  atmospheric  noise  may  not  be  strictly  Gaussian  In 
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any  amplUude  range,  the  effect  of  large  numbers  of  overlapping 
Independent  (1n  time  of  occurrence  and  In  phase-relative  to  a coherent 
receiver  reference  signal)  pulses  Is  to  produce  a nearly  Gaussian  noise 
process  In  accordance  with  the  central  limit  theorem.  Thus,  the  use  of 
Rice's  expression  for  the  level  crossing  rate  (with  positive  slope)  of 
the  noise  envelope  Is  clearly  accurate  for  sufficiently  low  noise 
amplitude  levels.  This  expression  for  the  voltage  level  crossing  rate, 
o<-  , Is  given  by  (4.10) 

-ye  (3M) 


where  Is  the  rate  of  positive-slope  crossings  per  seond,  Is 
the  ratio  of  the  crossing-voltage  level  to  the  RMS  voUage, 


and 


oo 

b , = (2  tt)  * /iv  Cf)  (f-  f.)  V f , 
\0,  - f W Cf)  y 

y A 


(307) 


(308) 


W(f)  Is  the  one-sided  power  spectral  density  of  the  noise,  f Is 
frequency,  and  fg  Is  the  center  frequency. 

It  should  be  noted  that  the  average  number  of  noise  pulses 
above  a given  level  In  T seconds  is  simply  the  product  of  the  average 
crossing  rate  and  time,  T.  This  parameter  can  be  employed  directly 
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In  (42)  for  the  Poisson  distribution;  also  It  can  be  substituted  for 
!T  In  (61)  to  derive  the  parameter  hT  In  order  to  employ  (56)  for  the 
"clustering"  pulse  distribution. 

5. 2. 3. 3 Relationship  Between  Rayleigh  and  Power-Rayleigh  Crossing  Rates 

Now  proceeding  from  the  amplitude  range  where  the  atmospheric 
noise  Is  nearly  Russian,  a necessary  condition  Is  postulated  for  the 
pulse  rate  statistics  where  the  amplitude  probability  distribution 
transitions  from  a Rayleigh  envelope  to  the  curved  region  and  subsequent 
Power-Rayleigh  (straight  line  of  -X/2  slope)  envelope.  The  condition  Is 
that  the  pulse  rate  (number  of  noise  pulses  exceeding  a voltage  threshold 
per  second)  should  be  a continuous  function  of  the  threshold  voltage 
level.  In  particular,  the  average  noise  pulse  rate  should  be  continuous 
at  the  point  where  the  APO  curve  begins  Its  circular-arc  region  above 
the  low-amplitude  Rayleigh  straight  line.  This  point,  U],  Is,  of  course, 
the  point  of  tangency  between  the  circular  and  Rayleigh  portions  of  the 
APD  curve. 

Using  (306)  to  find  ex  corresponding  to  the  voltage  level, 
a point  of  reference  Is  established  for  determining  envelope  crossing 
(nolso  pulse)  rates  for  other,  higher  voltage  thresholds.  Since  the 
crossing  rate  will  be  shown  to  decrease  at  higher  voltage  levels,  this 
value  of  ^ will  consequently  be  an  upper  bound  on  the  average  pulse 
rate  for  voltage  thresholds  at  or  about  U-|.  Moreover,  this  result 
provides  a useful  starting  point  for  determining  a functional  relation- 
ship between  the  Impulsive  noise  pulse  rate,  o<  , and  the  voltage 
threshold,  V. 
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Turning  to  statistical  data  or,  voltage-level  crossing  rates 
compiled  in  the  literature  [51],  [24],  [25],  [31]  for  VLF/LF  atmospheric 
noise.  It  has  been  determined  that  the  level  crossing  rate,  o<  , Is 
of  the  form 


where  A Is  a proportionality  factor  and  .85  ^ K ^ 3.0.  To  Illustrate 
this  characteristic.  Figure  17  (by  Watt  and  Maxwell  [51])  shows 
K 1.16  for  atmospheric  noise  at  22  kHz.  The  data  of  Horner  and 
Harwood  [24]  Indicates  1 ^ K 2 for  narrowband  VLF  atmospheric  noise 
at  frequencies  In  the  10-35  kHz  range  (an  Illustrative  curve  gives 
K^1.03).  Linfleld's  [31]  10  kHz  wideband  (6  kHz)  noise  data  shows 
.85  ^ K ^ 3.0.  On  the  other  hand,  Ibukun's  [25]  LF  (113  kHz)  noise 
data  indicates  1.75  ^ K ^ 3.0  for  tropical  (Ibadan,  Nigeria) 
atmospheric  noise  at  higher  frequencies.  It  should  be  noted  that 
higher  values  of  K Imply  a smaller  rate  of  high-amplltude  noise  pulses 
(and,  hence,  lower  Impulsive  noise  power)  which  Is  typical  of  higher 
frequencies.  Conversely,  the  lower  values  of  K Imply  a greater  rate 
of  high-amplltude  pulses  (and,  hence,  higher  Impulsive  noise  power) 
which  Is  mov'e  typical  of  VLF  noise.  Consistent  with  this  observation. 
It  Is  shown  that  error  rate  curves  computed  In  this  chapter  for 
.85  K 1.5  correspond  most  closely  to  experimentally  measured 
VLF  error  rate  data. 
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Returning  to  the  level  crossing  rate  o<^  , computed  by  (306) 
for  7^  = (where  U-j  Is  the  voltage  on  the  APD  curve  which 
corresponds  to  the  Intersection  (tangency)  of  the  straight-line 
Rayleigh  curve  and  the  circular-arc  portion),  It  Is  postulated  that 
also  satisfies 

°<r=  CAU,)  ^ (310) 

Moreover, 


for  V U]  . 

This  inmedlately  yields 

. - K 

^ (312) 

Moreover,  K > 0 Insures  that 

=><  CV)  ^ , V^U,  . (313) 

Although  the  accuracy  of  (312)  Is  ilkely  to  decrease  rapidly 
for  V < U^,  the  range  V ^ Is  of  the  most  practical  Interest  for 
communication  system  performance  where  low  error  rates  are  necessary. 

With  these  relationships.  It  Is  now  possible  to  compute 
decision  error  rates  for  the  three  coherent  systems  PSK,  CFSK,  MSK. 
Specifically,  the  procedure  Is  as  follows:  (1)  the  reference  pulse 
occurrence  rate,  , Is  determined  by  (306)  for  a noise  envelope 
threshold  at  the  Intersection  of  the  Rayleigh  and  curved  portions  of 
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the  noise  APD;  (2)  the  pulse  occurrence  rate,  o;  , for  the  required 

voltage  level  (signal  to  noise  voltage  ratio  In  the  hard-limiter  Input 

bandwidth)  Is  computed  by  (312);  (3)  o<T  Is  employed  directly  In  (42) 

for  1ndep.^i?;dent  pulses  or  substituted  for  IT  In  (61)  end  the  root  (hT) 

emplcyed  In  (56)  for  clustered  pulses;  and  (4)  either  (42)  or  (56)  Is 

employed  In  (305)  to  obtain  the  desired  average  error  probability. 

« 

5 . 3 Evaluation  of  Experimental  Systems 

In  order  to  obtain  a quantitative  appreciation  of  the  foregoing 
i^nalysls.  It  Is  desirable  to  Illustrate  the  methods  used  In  evaluating 
a practical  system.  In  this  case,  the  use  of  the  same  system  parameters 
permits  a direct  comparison  of  measured  and  computed  results. 

5.3.1  Character  Error  Kate;' 

As  In  the  case  of  the  linear  CFSK  and  t^lSK  systems  of  Chapter  4, 
the  experimental  data  1s  In  terms  of  teletype  character  error  rates. 

In  the  performance  discussion  of  the  linear  CfSK  system  of  Chapter  4, 
the  relationship  between  decision  (or  bit)  error  rate  and  teletype 
character  error  rate,  CER,  was  derived.  This  relationship  Is  given  by 

CER  = l-(l-Pec)®.  (179) 

where  Pg^.  Is  the  probability  of  a CFSK  decision  error. 

This  expression  Is  also  applicable  for  the  experimental  CFSK 
(hard-limiting  receiver)  system  described  In  this  section.  On  the 
other  hand.  It  Is  not  applicable  to  the  experimental  Compatible  Shift 
Keying  (CSK)  (MSK  detection,  but  differential  demodulation)  receiver. 
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Therefore,  It  1s  appropriate  to  derive  the  correct  relationship  between 
the  MSK  detection  error  probability  and  the  subseqiK^nt  CSK  dei^iodulatlon 
character  error  rate. 

The  compatible  shift  keyino  (CSK)  system  Is  a coherent  frequency 
shift  keying  modem  which  uses  a modulation  Index  of  1/2  rathver  than  the 
unity  Index  of  the  CFSK  system  thus  far  discussed.  However,  the  basic 
demodulation  process  Is  Identical  with  that  of  the  MSK  system.  This 
process  ran  be  best  explained  by  considering  the  nwithematlcal  expression 
for  the  CSK  waveform.  Here  the  CSK  signal  Is  given  by 


sc-t)  = kScojCoo. 

where  T Is  the  duration  of  a binary  element,  ^ * 1 1 according  to  the 
data  state  (thus  producing  the  FSK  modulation),  and  K » 1 so  as  to 

maintain  phase  continuity  at  frequency  shifts. 

Rewriting, 


sS’f-d)  = KS  caj  co»t 


(315) 


~~  SLfn  OO*  ^ 2T  , 

It  Is  apparent  that  the  first  term  Is  Independent  of  the  value 
of  Jl  . Moreover,  at  t = + 2nT,  n = 0,  1 — , the  first  term  has  an 
envelope  maximum  and  K remains  constant  at  these  points  to  maintain 
waveform  cont 1 nu 1 ty . 


On  the  other  hand,  the  second  term  changes  sign  as  changes 
so  that  when  frequency  shifts  occur  at  t * (1  + 2n)T,  n « 0,  1,  — , 

K changes  sign  to  maintain  waveform  continuity.  This  effectively 
produces  a RF  phase  reversal  In  the  first  term  at  an  envelope  zero. 

Thus,  the  effect  of  frequency  shift  keying  Is  to  produce  sequential 
phase  reversals  In  the  two  quadrature  terms  of  s(t).  MSK  detectors  can 
be  used  to  demodulate  the  phase  modulation  of  these  two  quadrature 
components  of  the  signal.  However,  the  Information  Is  not  contained  In 
the  phase  state,  per  se;  It  Is  contained  In  the  frequency  state.  This 
Is  readily  handled,  nevertheless,  as  the  Instantaneous  frequency  Is 
directly  defined  by  the  phase  difference  of  these  two  components.  That 
Is,  expressing  the  first  component  as 

C,C-^)  = Sch  (uJ,t 

and  the  second  component  as 


5,  C-t)  = 5 sin  ^ Cps  (w^t  i-  <^s)^ 


(317) 


where 


= ± 


IL 


the  upper  shift  frequency  exists  when  ( <f>sj  and  the  lower 
shift  frequency  exists  when  / Cp^  Thus,  the  data  Is  recovered 

from  quadrature  MSK  detectors  according  to  the  difference  (modulo  27T  ) 
of  the  Indicated  phase  state.  This  differential  post-detection  process 
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obviously  produces  c\  sequential  pair  of  binary  output  errors  for  each 
Isolated  MSK-detector,  phase-decision  error.  In  the  case  of  7.0 
Baudot  teletype  code,  there  are  six  MSK-detector  phase  decisions 
affecting  the  sequence  of  five  binary  data  elements  of  each  character. 

A correct  sequence  of  five  binary  data  elements  requires  the  correct 
detection  of  a sequence  of  six  HSK-detectlon  elements.  This  probability 
Is  given  by: 

where  Pg  Is  the  probability  of  a MSK-cecIslon  error.  Finally,  the 
probability  of  a CSK  character  error,  or  CER,  Is  given  by 

CER  = !-Pc  =i-('  Pt)\  (319) 

5.3.2  Experimental  System 

Proceeding  to  a description  of  the  experimental  receiving  system. 
Figure  18  Is  a block  diagram  of  a VLF  receiver  subsystem  used  to  measure 
the  'quantitative  performance  of  CFSK  and  CSK  (MSK  detection  with 
differential  post-detection  logic)  modems  In  an  actual  atmospheric 
noise  environment.  It  Is  apparent  that  the  receiver  subsystem  depicted 
here  corresponds  to  the  receiver-detection  systems  previously  discussed, 
except  for  the  overall  pre-detection  filtering. 
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Figure  18.  Receiver  Subsystem 


Here  the  actual  bandpass  filtering  which  occurs  prior  to  mixing 
Is  combined  with  subsequent  IF  filtering  to  yield  an  approximately 
Gaussian,  or  norma1>1aw,  composite  filter  function.  This  Is  followed 
by  an  optional  bandpass  filter  whose  noise  bandwidth  Is  substantially 
less  than  the  noise  bandwidth  of  the  preceding  normal-law  filter.  The 
remainder  of  the  receiver  operates  as  described  In  the  preceding 
discussions  of  the  KSK  and  CFSK  detectors  (Including  the  hard  limiting). 


Considering  the  composite  bandpass  filter  function  ( He  > 
It  Is  noted  that 


H,  Ou>)r=lHr.O‘^)l  "Ih.CmI 


_ ^ t 


C£i£l)" 

2 S'  ^ 


Cf  “fO  ^ f 


(320) 


where  2b-|  is  che  3 db.  bandwidth  of  the  single- tuned  filter  in 

Now  assuming  the  noise  the  receiver  Input  to  be  approximately 
white,  the  power  spectral  density,  W(f),  at  the  final  pre-detection 
filter  output  Is  proportional  to  the  composite  filter  function, 

1 HeO^^I  • III  order  to  employ  (306)  for  the  computation  of  envelope 
crossing  rates,  the  moments  bo  and  b2  are  comouted  by  (307)  and  (30n): 


where 


bp  - 


(307) 

(308) 


(321) 


and  Nq  Is  the  noise  Intensity. 


h 
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IS, 


t^=(2TTl,)\j 


(f-f.)  e 

A,'  i-Cf  -f.)'- 


and 


cr  = fj^ 


Here,  the  substitution  f » f-f^  and  the  conditions  that  fo>^  0, 
^0  fo  permit  the  accurate  approximations 


C 


(327) 


It  should  be  noted  that  the  noise  bandwidth  of  the  normal -law  filter 


Is  given  by 


CO 


I Hn  ^Jif 

(o)r 


«•  2y  e = /Tn  e-  h^, 


’■finite  ' tegrals  of  the  form  of  b^,  (327 ),  have  been  solved  to  yield 


b.  = TTb,  N.  e 


Turning  to  bg* 


Thus,  the  f11ter*bandw1dth>re1ated  constant  term  of  (306),  the  Bandwidth 
Factor,  Is  given  by 


as  a function  of  where  Is  the  noise  bandwidth  of  the 

cascaded  Normal -Law  and  single  tuned  filters  and  B^  is  the  noise  bandwidth 
of  the  Normal -Law  filter  alone. 


2H0 


In  terms  of  the  previously  derived  parameters,  Is  given  by 


(331) 


It  Is  apparent  that  the  ratio  -'®nc  *PP'^o»ches 

unity  as  B_./B  approaches  unity.  Moreover,  at  the  lirr.lt  B^c/Sp  = 1, 
nc  n 

where  the  filter  function  Is  Identically  Gaussian  (Normal -Law),  the 
multiplier  ^ equals  the  noise  bandwidth. 

In  this  particular  system  as  tested,  the  noise  bandwidth  of  the 
normal-law  filter  was  4.25  times  as  great  as  the  3 d3  bandwidth  of  the 
series  combination  of  the  normal-law  and  bandpass  filters. 

Thus,  If  2b^  Is  the  3 dB  bandwidth  of  the  cascaded  filters 


(In  Hz). 

j He  ^ Jj  ~ .S 


or 


Also, 


/ 2 


h,"  e 


2.^ 


i>  I t-  J> 


(332) 


~ V.  2^ 

2 L' 


or 
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0^36 


(333) 


L' 


0 


Hence, 

c 

or 

= I,  O '-y  7 (334) 

A1  so, 


b.  \.0Hh{^  _ 

(T  ' 

Thus,  evaluating  ^r. 


(335) 


^ 3.i5iL,-ye  ^3.in?.^'ye.  ^ 


(337) 


where  <=><^13  In  pulses  per  second. 


Now  for  bit-lengths  of  T seconds,  the  decision  element  length 
1s  T seconds  for  the  CFSK  system  and  2T  seconds  for  the  MSK  system. 
It  thus  follows  that  the  average  number  of  noise  pulses  per  decision 
Is  given  by  the  product  of  and  the  decision  element  length. 
Replacing  b^  by  Its  previously  defined  angular  equivalent,  b (In 
radians  per  second),  and  carrying  out  the  Indicated  multiplications, 

_ ^^2 


9 


(338 


and 


^rT^SK  = tr-Ke 


- 


(339 


whare  7^  Is  the  ratio  of  APD  and  Rayleigh  curve  voltages,  ( -^), 
defined  previously. 

Finally,  overall  average  error  rates  are  computed  by 


oo 

Pei,  P^(N)^ 


(30 


where  P^(N)  Is  given  by  (42)  for  Independent  pulse  occurrence  times. 


-<;.r= 


,^2JHTye  ^ CFSK 
l.2H7SkT-ye’'^MSK^ 


(331 

(33 


•-  K 
) 


(31 


and  K = .85,  1.0,  1.2,  1.5. 


The  resultant  CER  curves  are  presented  on  Figures  20,  21,  and 

22  with  measured  data  points  superimposed. 

Examination  of  the  computed  results  and  the  corresponding  measured 

data  presented  on  Figures  20,  21,  and  22  leads  to  the  conclusion  that 

the  ' best  fit"  value  of  K varies  Inversely  with  the  V^j  ratio.  For 

Instance,  In  Figure  20,  where  6^  7.9,  the  error  rate  computed 

for  K = 1.5  most  nearly  corresponds  to  the  measured  data;  on  the  other 
ih 

hand,^F1gure  22,  where  12^  ^ 13.9,  the  error  rate  computed  for 

K = .85  more  nearly  corresponds  to  the  measurec’  data  This  result  Is 
consistent  with  the  earlier  observation  that  lower  values  of  K Imply 
proportionately  greater  Impulsive  noise  power  (higher  Vj  ratios)  in 
the  overall  atmospheric  noise  environment. 

5.3.3  Effect  of  "Clustering"  Pulse  Distribution 

The  preceding  quantitative  estimates  were  based  on  the  Poisson 
pulse  statistical  distribution.  However,  this  Is  strictly  accurate 
only  If  the  occurrence  times  of  the  no1s>^  pulses  are  statistically 
Independent.  As  pointed  out  In  Chapter  2,  significant  noise  pulse 
statistical  data  exhibits  a clustering  tendency;  this  Is  attributed  to 
multiple  strokes  In  a given  lightning  discharge.  In  this  case,  the 
probability  of  N pulses  In  T seconds  Is  given  by 
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where 


N » hT/2  - \/4  + (61) 

1s  the  number  of  noise  pulses  In  T seconds. 

Using  these  "clustering"  statistical  relationships  Instead  of  the 
Poisson  distribution  (42)  In  (285),  CFSK  and  CSK  CER's  are  calculated 
for  the  case  where  8 dB  4 4:  9.9,  K » 1.0.  These  results  are  shown 

In  Figure  23,  along  with  the  experimental  data  and  corresponding  (K  « 1.0) 
curves  of  Figure  21  ( as  computed  according  to  the  Poisson  distribution). 
The  remarkable  quantitative  similarity  of  these  results  Indicates  chat  the 
"real  world"  performance,  which  would  be  expected  to  result  from  both 
Independent  (Poisson  distributed)  and  "clustered"  noise  pulses  Is 
reasonably  approximated  by  either  of  these  distributions.  However,  the 
Poisson  function  Is  mathematically  simpler  and  the  CtR's  computed  by  It 
correspond  to  the  experimental  data  slightly  more  closely.  Therefore, 

It  appears  that  the  Poisson  distribution  is  the  more  practical  choice  for 
the  computation  of  error  rates  by  the  pulse  statistical  analysis  tecnnique. 

5.4  Bandwidth  Ratio  Constraint 

It  should  be  noted  that  all  these  results  are  for  one  receiver  filter 
configuration  where  the  CFSK  bandwidth  ratio  (noise  bandwidth/detection 
bandwidth,  BWR)  Is  3.7  and  the  bandwidth  factor  (from  Figure  19)  Is 
1.515.  Therefore,  It  Is  Important  to  consider  the  effect  of  the  BWR  on 
the  computed  error  rate  performance.  The  ensuing  discussion  shows  that 
the  error  rate  performance  computed  by  the  foregoing  Pulse  Statistical 
Analysis  (PSA)  becomes  relatively  less  accurate  as  the  bandwidth  ratio 
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becomes  significantly  greater  than  approximately  8;  U Is  not  at  all 
representative  by  the  time  the  BWR  reaches  a value  of  12.  However* 
an  alternate  means  of  performance  analysis*  suggested  by  Hartley  [22] 
and  refined  In  this  dissertation  for  larger  BWR's  (on  the  order  of  12 
or  greater)  Is  presented  In  Chapter  6. 

5.4.1  "Critical  Pulse  Width”  Versus  Bandwidth  Ratio  (BWR) 

As  a first  consideration  of  the  relationship  between  the 
prellmiting  receiver  noise  bandwidth  and  CFSK  error  probability*  the 
effect  of  a single  noise  pulse  1s  considered.  An  Important  simplifica- 
tion Is  the  approximate  equivalence  of  the  mean  pulse  width  of  the 
receiver  Impulse  response  and  the  reciprocal  of  the  receiver  noise 
bandwidth;  the  use  of  this  relationship  permits  the  use  of  some  results 
from  earlier  analyses  In  this  chapter.  Recall  the  expression  for  the 
probability  of  a CFSK  decision  error  under  the  condition  of  one  noise 
pulse  per  bit  (233) 

fec~  ^ 

^ ^ T'} 

+ P^j-  ^ co5(j»o,  V,  >rj 


231 


(232a 


Vi*  Sin 
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t-|  and  t2  are  the  beginning  and  end  of  a noise  pulse  such  that 
0 ^ t^  3^  tg  ^ T. 

Since  the  purpose  of  this  analysis  Is  to  find  the  minimum  pulse 
width  ( <1  T)  which  can  cause  a CFSK  error,  the  second  term  can  be 
disregarded  In  further  discussions.  The  variables  Vg.  V3,  V4  and  Vg 
can  be  written  In  terms  of  t]  and  V^.  An  error  occurs  when 


or 


^ f(l->.)  + iflsirr  -sjy,  zn] 

Cos  7Th  - Cos  JT(^  -h  X) 


J 


where 


A = -^ 

' f > 

and 

/j  = ^ , (340b) 

Because  cosfJ  ^ th^  right  hand  Inequality  Is  clearly  Impossible 
when  the  right  hand  tena  greater  than  one.  By  numerical  means.  It 
has  been  determined  that  the  minimum  value  of  A for  which  the  right  side 
of  (320)  exceeds  one  (regardless  of  ^ ) is  .260652. 

This  result,  which  agrees  with  that  given  by  Hartley  [22],  implies 
that  no  decision  error  can  be  caused  by  a single  noise  pulse  whose 
duration  is  less  than  .26T.  Thus,  if  the  receiver  noise  bandwidth,  3^, 
exceeds  the  reciprocal  of  this  "critical  pulse  width",  or 

Bn  > 3.84T''‘,  (341) 

then  a single  noise  pulse  cannot  produce  a decision  error.  Although  the 
practical  case  Involves  a significant  probability  of  multiple  noise 
pulses  per  bit,  this  "critical  pulse  width"  result  for  single  pulses 
implies  a similar,  but  less  sharply  defined,  "critical  noise  capture 
duration"  for  the  multiple  pulse  case.  The  "critical  pulse  width"  for 
a single  pulse  nevertheless,  defines  an  ipproximate  bound  of  3.B4  on 
the  BWR  below  which  the  foregoing  PSA  is  clearly  valid.  (This  is 
obviously  consistent  with  the  comparable  measured  and  computed  CFSK 
performance  data  of  Figures  20,  21  and  22. ) 
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5.4.2  Experimental  Valldi.y  of  PSA  for  BWR's  Greater  Than  4. 

Although  the  Implication  of  the  preceding  discussion  Is  that 
PSA  may  not  be  valid  for  BWR's  substantially  greater  than  4,  the  CSK 
performance  calculations  and  data  of  Figures  20,  21  and  22  Indicate 
substantial  validity  for  PWR's  of  at  least  7.4.  The  reason  for  this 
conclusion  Is  that  the  MSK  detector  functional  has  been  shown  to  be  of 
the  same  form  as  the  CFSK,  but  twice  as  long.  Hence,  MSK  detection  is 
mathematically  equivalent  to  CFSK  detection  In  1/2  the  MSK  data  band- 
width. This  means  that  the  experimental  system,  which  had  a BWR  of 
3.7  relative  to  the  CFSK  data  and  detection  bandwidth,  also  had  a BWR 
of  3.7  relative  to  the  CSK  data  bandwidth.  On  the  other  hand,  the 
system  had  an  effective  BWR  of  7.4  relative  to  the  MSK  (equivalent  CFSK) 
detection  bandwidth.  Clearly,  the  close  agreement  of  computed  and 
measured  CSK  performance,  especially  Figure  21,  'affirms  the  quantitative 
validity  of  PSA  for  CFSK  BWR's  of  at  least  7.4  arJ  probably  8. 

On  the  other  hand.  Hartley's  experimental  data  for  a hard-limiting 
CFSK  receiver  of  significantly  higher  BWR  are  shown  on  Figure  24  with  a 
curve  calculated  by  PSA  on  the  basis  of  the  experimental  parameters.  In 
this  case,  the  BWR  Is  12  and  It  Is  obvious  that  the  PSA  computation  and 
experimental  results  are  drastically  different  (at  least  9 dB).  This 
clearly  implies  that  the  PSA  technique  Is  Inappropriate  for  BWR's  as 
great  as  12. 
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In  suinnary,  the  theoretical  approximation  Indicates  that  there 
Is  a minimum  BWR  such  that  Individual  noise  pulses  cannot  produce 
decision  errors.  However,  this  estimate  of  approximately  4 Is  overly 
low  In  view  of  the  efficacy  of  PSA  for  the  analysis  of  CSK  performance 
where  the  equivalent  BWR  Is  7.4.  Nevertheless,  PSA  Is  quantitatively 
inaccurate  for  BWR's  as  great  as  12.  Therefore,  It  can  be  safely 
concluded  that  PSA  Is  quantitatively  valid  for  CFSK  BWR's  on  the  order 
of  8 or  less,  questionable  for  BWR's  slightly  greater  than  8,  and 
inaccurate  for  BWR's  of  1?  or  more. 
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Chapter  6 


IMPULSIVE  NOISE  SUBTRACTION 


6.1  Background 

The  preceding  discussion  of  pulse  statistical  analysis  (PSAj  for 
relatively  large  bandwidth  ratios  (BWR's)  showed  that  the  performance 
as  computed  (by  PSA)  differed  markedly  from  the  measured  performance. 
Because  of  this  mathematically  Implied  and  empirically  demonstrated 
Inadequacy  of  PSA  for  BWR's  substantially  greater  than  8,  a different 
approach  must  be  employed  for  the  larger  BWR's.  The  method  developed 
here  Is  based  on  the  principle  of  "Impulsive  Noise  Power  Subtraction". 
It  should  be  noted  that  this  principle  descri'oing  the  effect  of  hard 
limiters  on  Impulsive  atmospheric  noise  has  not  been  proven  rigorously. 
However,  two  circumstances  tend  to  substantiate  Its  practical  validity. 
These  are;  (1)  the  noise  power  reduction  estimated  by  the  Impulsive 
Noise  Subtraction  approach  is  similar  to  the  noise  power  reduction 
computed  by  two  entirely  different  and  independent  analytic  approaches; 
and  (2)  the  error  rate  characteristic  computed  by  means  of  Impulsive 
Noise  Subtraction  virtually  coincides,  both  quantitatively  and  In 
slope,  with  measured  experimental  results. 

The  method  Is  based  on  principles  suggested  by  Linfield  and  Beach 
[33],  Sisco  [46],  and  Hartley  [22].  The  approach,  as  proposed  by 
Linfleld  and  Beach  [33]  and  Sisco  [46],  is  that  noise  clipping 


truncates  the  amplitude  range  of  the  Input  noise  APD  to  the  clipping 
level,  thus  quantitatively  defining  a noise  power  reduction.  It  Is 
then  postulated  that  the  resultant  "clipped  noise"  has  an  approximate 
Rayleigh  (Gaussian  noise)  APD.  Hartley,  on  the  other  hand,  proposed 
that  the  noise  power  reduction  resulting  from  receiver  limiting  can 
be  quantitatively  determined  by  direct  subtraction  of  the  noise  power 
represented  by  the  steep  power-RayleIgh  portion  of  the  APD  curv.: 
(impulsive  noise  component)  from  the  overall  noise  power.  An 
Intuitive,  but  reasonable,  estimate  treats  the  "residual"  noise  (the 
noise  component  remaining  after  ranoval  of  the  Impulsive  noise  by 
limiting)  as  Gaussian  noise..  Error  rates  computed  by  these  approaches 
do  Indeed  translate  to  the  close  proximity  of  the  measured  data,  but 
usually  at  only  one  point.  In  general,  the  6auss1an>no1se  characteristic 
is  much  steeper  than  the  actual  measured  characteristic.  Thus,  the 
proposition  that  limiting  Impulsive  atmospheric  nolsa  simply  reduces 
the  noise  power  and  yields  nearly  Gaussian  noise,  although  mathematically 
convenient.  Is  not  very  descriptive  of  actual  system  performance. 

Nevertheless,  the  discussion  presented  by  Hartley  provides  an 
Insight  toward  a more  representative  analysis  of  hard-limiting  receiver 
performance  In  atmospheric  noise.  The  key  argument  can  be  stated  as 
follows:  (1)  a well-designed  receiver  produces  little  filter  ringing 

In  response  to  the  high-amplitude,  but  Isolated, Impulses  which  account 
for  the  steep,  Power-RayleIgh  portion  of  the  noise  APD;  and  (2)  If  the 
bandwidth  ratio  Is  sufficiently  great  (BWR>  8,  as  developed  In  the 
preceding  section),  then  the  Impulsive  component,  which  has  been  shown 
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to  have  minimal  Influence  on  detector  performance,  may  be  considered 
to  be  selectively  removed  from  the  total  noise.  Hartley  estimated  the 
effective  limiter  noise  reduction  by  direct  subtraction  of  the  Impulslve- 
nolse-component  power  from  the  total  noise  power.  Unfortunately,  the 
complementary  analysis,  based  on  Gaussian  "residual"  noise,  results  In 
agreement  between  calculated  and  measured  performance  at  only  one  point. 
It  Is  In  this  latter  area  of  residual  noise  definition  and  analysis 
that  the  material  In  this  chapter  rectifies  the  shortcoming  of  Hartley's  . 
approach.  First,  the  quantitative  estimation  of  noise  power  reduction 
Is  considered.  This  Includes  a me^.hod  consistent  with  Hartley's 
estimates,  a small -signal  estimate  developed  by  Cahn  [9],  and  a small- 
signal  estimate  based  on  an  approach  entirely  different  from  Cahn's. 

^ Next,  the  problem  of  the  residual  noise  Is  considered.  First,  a 

qualitative  mathematical  estimate  Is  developed  and  then  a quantitative 
"best  fit"  synthesis  procedure  Is  employed  to  statistically  describe 
the  residual  noise  component. 

k 

6.2  Noise  Power  Reduction 
6.2.1  Impulsive  Noise  Subtraction 

^ First,  consider  the  question  of  quantitative  noise  power 

reduction.  If,  as  postulated  by  Hartley,  the  Impulsive  noise  Is 
i effectively  removed  from  the  total  atmospheric  noise  by  limiting, 

then  the  quantitative  noise  power  reduction  can  be  determined  by 
' subtracting  the  mean-square  envelope  voltage  for  the  Impulsive 

I component  (which  Is  proportional  to  the  Impulsive  noise  power)  from 
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the  mean-square  envelope  voltage  for  the  total  noise.  The  remaining 
power  Is  that  of  the  envelope  of  the  residual  noise  component.  In 
the  case  where  the  Impulsive  noise  component  envelope  has  a Power- 
Raylelgh  APD,  the  probability  that  the  ratio  of  the  noise  envelope 
voltage  to  the  RMS  noise  envelope  voltage  exceeds  a value  A Is  given  by 

P(A)^P.(a^A)  = E.^[-~'J  W 

I 

when  a Is  the  random  variable  defined  by  (2  - 

when  ei(t)  Is  the  Impulsive  noise  envelope  process  and  Eq  Is  the  RMS 
noise  envelope  voltage  for  the  overall  noise  process. 

The  probability  density  function  of  a Is  then  given  by 

j r -1  ^ 

-fa  ^ [ I ~ P(^)]  ~ X 

The  mean  squared  envelope  voltage  for  the  Impulsive  component, 

a^,  is 

OO 

a ^ - f A -fa.  CA  ) (f  a 


L 


f 


I 


Making  the  substitution  U - ’ '^‘^sults  In 


ocn 


a 


= / (2^^)  u e ciu^ 


- (2e’)^r (i  i-x) 


(342) 


where  £ (*)  1s  the  Gamma  function. 

With  the  overall  APD  normalized  as  In  Figure  1 so  that  the  mean 
square  envelope  voltage  for  the  total  noise  Is  unity,  the  mean  square 
envelope  voltage  of  the  residual  noise,  Ar  . Is  then  given  by 


(343) 


or,  In  decibels,  by 

\0LogA^-  loL^^(l-'5?)  ^ 

Figure  25  shows  the  quantitative  noise  reduction  obtained  by  this 
procedure  as  a function  of  Vj  ratio.  (This  corresponds  quite  closely 
to  Hartley's  estimates  [22].) 

6.2.2  "Small  Signal"  Ncise  Power  Reduction  by  Cahn  [9] 

Another  approacn  to  the  determination  of  noise  power  reduction 
resulting  from  hard-limiting  has  been  developed  by  Cahn.  This  deriva- 
tion, developed  as  a "small-signal"  approximation,  is  also  applicable 
In  the  present  case  where  limiting  occurs  In  a bandwidth  much  wider 
than  the  detection  bandwidth,  in  this  case,  the  signal -to-nolse  ratio 
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In  the  limiter  bandwidth  Is  much  smaller  (by  a factor  of  1/BWR)  than 
In  the  detection  bandwidth.  Hence,  usable  "small"  signal -to-nolse 
ratios  occur  1ii  the  limiter  bandwidth.  Briefly,  Cahn's  result  1s  that 
the  ratio  of  the  Input  to  output  signal -to-nolse  ratios  for  a bandpass 
limiter,  , Is  given  by  ([9],  Equation  7): 

A A CS'yN)in  _ (345) 

where  Ep  Is  the  observed  noise  envelope  voltage  produced  by  the  overall 
noise  process. 

Rewriting  this  result  In  terms  of  the  ratio,  E,  of  noise  voltage  to  RMS 
noise  voltage  yields 


In  view  of  the  piecewise  definition  of  the  atmospheric  noise  APD  curves, 
E-1  must  be  evaluated  numerically.  This  has  been  done  for  several  Vj 
ratios  and  the  results  have  been  employed  In  (346).  The  resultant 
factor,  A s.  Is  plotted  In  Figure  25.  This  factor,  which  represents 
the  estimated  noise  reduction  of  the  limiting  process,  1s  obviously 
similar  to,  but  somewhat  greater  than,  A computed  by  the  earlier 
Impulsive  Power  Subtraction  method. 
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6.2.3  "Small -Signal”  P$K  Noise  Reduction 

An  analysis  of  PSK  detection  with  hard-limiting  is  developed  in 
Appendix  C.  This  result,  remarkably  similar  to  Cahn's,  is  given  by 
(C-42): 


(C-42) 


It  is  apparent  that  this  latter  noise  reduction  estimate  is 
exactly  TT^/S  *912  dB)  greater  than  that  of  Cahn.  This  more 
conservative  noise  reduction  estimate  is  also  plotted  in  Figure  25. 

6.2.4  Discussion  of  Noise  Power  Reduction  Estimates 

It  can  be  readily  seen  that  the  small  signal  estimates,  /\  5 
and  A imply  greater  noise  power  reduction  than  the  Impulsive 
Noise  Power  Subtraction  estimate,  A Also,  it  should  be  noted 
that  Cahn's  expression  (346),  when  evaluated  for  Gaussian  Noise,  yields 
As  “ 4/rr  which  coincides  with  Davenport's  classic  result  for 
"small -signal"  suppression  in  bandpass  limiters  [12].  This,  of  course, 
lends  credence  to  this  small-signal  estimate,  but  it  does  not  insure 
similar  accuracy  for  the  general  non-6aussian  atmospheric  noise  case. 
Moreover,  neither  small-signal  estimate  is  directly  related  to  the 
postulated  hard-limiting  effect  of  ampl itude- selective  impulsive  noise 
subtraction.  On  the  other  hand,  the  most  conservative  estimate,  A 
is  based  upon,  and  thus  consistent  with,  the  postulated  limiting  effect. 
Because  of  the  consistency  of  A with  the  impulsive  noise  subtraction 
process,  A ^ is  employed  in  the  ensuing  receiver  system  performance 
analysis. 
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6.3  The  Atmospheric  Noise  Voltage  as  a Sum  of  Statistically 
Independent  Components 
6.3.1  General 

To  develop  the  postulated  Impulsive  Noise  Subtraction  analyses, 

It  Is  necessary  to  define  the  random  variables  (noise  voltages)  which 
are  used.  First,  the  direct  subtraction  of  the  Impulsive  noise 
component  from  the  overall  atmospheric  noise  specifically  Involv^'s 
noise  voltages  and  not  envelopes.  However,  the  statistical  description 
of  atmospheric  noise  has  been  In  terms  of  Its  voltage  envelope. 

Similarly,  the  Impulsive  component  Is  usually  described  In  terms  of  Its 
noise  envelope  statistics.  Here,  the  steep,  straight  power-RayleIgh 
portion  of  the  overall  APD  curve  (as  extrapolated  to  Indefinitely  small 
amplitudes)  constitutes  the  APD  of  the  Impulsive  noise  envelope.  This 
is  Illustrated  In  Figure  26.  If  the  noise  phase  Is  considered  to  be 
statistically  independent  of  the  noise  envelope  and  uniformly  distributed 
on  (-  7T  , 77  ),  then  the  noise  voltage,  Z,  is  given  by 


^ - E'  cas  e 


(347) 


where  E 1s  the  noise  envelope  voltage  of  the  total  noise  and  0 Is  the 
effective  phase  angle  of  the  total  noise. 

Similarly,  a noise  voltage,  1^,,  can  be  defined  for  the  Impulsive 
component  by 


L IT)  A C.OS 


(348) 


where  A Is  the  Impulsive  noise  envelope  voltage  characterized  by  the 
Power-RayleIgh  APD  of  Figure  26  and  Qj  Is  the  statistically  Independent 
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oure  26.  Atmospheric  Noise  APD  Curve  Showino  Imnulsive 
Comnonent  APD . 


Next,  It  1s  assumed  that  the  total  noise  voltage,  z,  can  be 


expressed  by 


where  r^  Is  an  effective  residual  noise  voltage  statistically  Independent 
of  the  Impulsive  noise  voltage.  In- 

The  remainder  of  this  section  is  devoted  to  0Pta!n1ng  a statistical 
description  of  the  residual  voltage,  r^.  However,  first  the  random 
variables,  z and  1^  must  be  considered. 

6.3.2  Determination  of  the  Probability  Densities  of  the  Total  and 
Impulsive  Noise  Voltages 

Consider  the  expression  for  the  event  of  a linear  PSK  detection 
error  given  by 

E coj  0 ^ y 0 (ISO) 

where  E Is  the  ratio  of  the  noise  envelope  voltage  to  the  RKS  noise 
envelope  voltage.  From  (347),  the  term  E cos0  may  be  replaced  by 
the  noise  voltage  ratio  z (that  is,  the  ratio  of  atmospheric  noise 
voltage  to  RMS  noise  envelope  voltage).  Thus,  the  probability  of  a 
PSK  decision  error,  Pgp,  Is  given  by 

P.p  = Fr(j>^) 

e»0 

^ f -fj  (Z)  (350) 

where  fz(Z)  Is  the  probability  density  function  for  the  random  variable, 
z. 


247 


V.  - • 


I 


However,  an  expression  for  the  probability  of  error,  Pgp,  was 
derived  earlier  using  a piecewise  numerical  evaluation  of 


= ^ A c.s-'(i)JiKe) 

J ryn 


(163a) 


This  yielded 


(176a) 


where  P(E)  * Pr(e  > E)  as  defined  by  the  appropriate  APD  curve. 
It  is  immediately  apparent  from  (350)  that 


Aft,)  --f.(i). 


(351) 


Thus,  substituting  (176a)  Into  (351)  and  evaluating  at  S « 7,  yields 


6 = -jj(Q\ 


= - cl/-l  r ) 

Z’ (c^TI^)] 


(362) 


S =? 
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Because  no  closed-form  solution  Is  known  to  be  available,  the 
differentiation  is  performed  numerically  as  follows: 


f p,,(StAs) 


/V 

5-  = ^ 


Pe,  Cs)  -Pe,(Si-/ls) 


A 

X=  H > 


A5«^/ 


(353) 


This  function  has  been  numerically  evaluated  for  atmospheric 
noise  and  a typical  density  function  for  V^j  = 9 dB  is  illustrated  by 
Figure  27. 

The  probability  density  of  the  impulsive  noise  component,  1^,, 
can  be  similarly  determined,  except  when  Ip.  the  value  assumed  by  i^, 
is  zero.  For  the  case  where  Ip  4 0,  the  random  variable  i^  simply 
replaces  the  random  variable  z in  (353)  where  the  complementary 
probability  distribution,  P(E),  is  defined  by  the  Pc-wer-Rayleigh 
portion  of  the  APD  curve  (6).  The  special  case  where  Ip  = 0 requires 
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the  random  variable, 


Substitution  cf  (348)  yields 


r -jfAcoS^z} 


(354) 


(354a) 
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Assuming  A and  9i  to  be  statistically  Independent  and  0i  to  be 
uniformly  distributed  on  (-  TT  , 7T  )» 


(355) 


oo 
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J lAjA)f^(A)dA.  (3E6) 
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The  Inverse  Fourier  transformation  yields 


fience. 


oo 


{ T.(^/0oL(f A) 


oo 

■fm.  ) oL  A 
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(358^ 


Finally,  substituting  (10)  In  (358)  yields 


It  can  be  shown  that  this  Integral  diverges  = 

for  2.  This  Implies  the  existence  of  a singularity  In  f^f,  (Ip) 
at  Ip  * 0 for  X ^ 2.  Because  this  range  of  X Is  of  greatest  Importance 
for  typical  atmospheric  noise.  It  Is  Important  that  this  singularity  be 
accommodated  In  the  numerical  representation  of  fin  (In)  , even  If  only 
approximately.  This  c&n  be  done  as  follows:  First,  the  probability 
density  function  fin  (In)  iriust  satisfy 


= / . 


(360) 


Secondly,  the  expression 


L Af  L 


(361) 


where  Pep  Is  determined  from  (176a)  with  P(A)  = Pr(a  > A),  1s  bounded 
for  all  In^  0 provided  ^ S > 0.  Thus,  It  Is  possible  to  account  for 
the  singularity  at  In  * 0 by  utilizing  the  weighted  impulse  function 


f-  (o)  = dS(T^) 


(362) 


where  d Is  given  by 


d = l~y fi,  (l.)dT^,  (363) 

e « I 


Combining  (361)  and  (362),  the  probability  density  function  of 


the  Impulsive  noise  voltage  Is  given  by 


AS 


J 


Tn^C\ 


J = (364) 


where  d is  defined  by  (363)  and  Pgp  by  (176a)  with 


This  density  function  for  V^j  - 9 dB  Is  also  plotted  in  Figure  27. 

The  continuous  portion  of  this  function  is  even,  and  th?  singularity, 
as  previously  discussed,  Is  presented  as  a weighted  impulse  at  the 
origin.  It  is  readily  apparent  that  this  probability  density  for  the 
impulsive  noise  voltage  is  much  more  centrally  concentrated  (about  zero) 
than  that  of  the  total  noise  voltage. 

6.3.3  Qualitative  Estimate  the  Residual  Noise  Component 

The  residual  noise  voltage,  r^,  has  been  assumed  to  be  statistically 
independent  of  the  impulsive  noise  voltage.  Therefore,  (349)  leads  to 


rs)  = (?)  (^) 
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where  the  operator  * is  the  convolution  integral  and  (R^)  is  the 
probability  density  function  of  the  residual  noise  voltage. 

Proceeding  to  a Fourier  transformation  of  both  sides  of  this 
equation,  the  following  relationship  between  the  characteristic 
functions  of  z,  i^,  and  r^  is  obtained: 


(366) 


This  inmediately  leads  to 


F 


= 'i 


F,  Of) 


(367) 


F.F/-)  . 


Consequently, 


■f  fR  '}--L  / 'F  Of) 

2fr/  r. 


(368) 


Here,  the  qualitative  observation  of  the  preceding  section  becomes 
significant.  Because  the  probability  density  function  of  the  impulsive 
noise  voltage,  f-jf,  (!„)  , tends  to  be  extremely  narrow,  its  Fourier 
transform,  [J J"  ),  tends  to  oe  relatively  broad.  In  particular, 

i’in  (^n)  2 ^ (^n)  > f"in  (<^/  ) = F Assuming  F^„  1. 


\ , 
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(369) 
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The  1mt)’»1cat1on  of  this  result  Is  obvious:  The  probability 
density  function  of  the  residual  noise  voltage  will  be  similar  in  form 
to  that  of  the  overall  noise  voltage.  (If  the  final  approximation  of 
(369)  were  equality,  then  f^^  (R^,)  = f^  (Rp)  because  the  Fourier 
transformation  ^ unique). 

Unfortunately,  the  density  functions  f^  (Z)  and  f^p  (Ip)  are 
defined  numerically  and  not  in  closed  form.  Thus,  sufficiently  pxact 
mathematical  representations  of  the  corresponding  characteristic 
function  F2  (J/ ) and  F^p  (j^  ) are  very  difficult  to  obtain  such  that 
the  ratio  F^  {jj-  )/F<jp  {jj-  ) [=  F^p  {jy  )]  can  be  accurately  computed. 

The  final  Inverse  transformation  of  the  characteristic  function  Fm  Uy  ) 
to  the  desired  probability  density  f^p  { introduces  yet  another 
source  of  computational  inaccuracy.  Hence,  all  attempts  to  perform  the 
preceding  Fcu>^1er  transform  operations  numerically  were  unsuccessful. 
6.3.4  "Best  Fit"  Synthesis 

Because  the  numerical  imolementation  of  the  Fourier  transform 
approach  was  unsuccessful,  an  alternative  approach  to  determine 
frn  (Rp)  was  undertaken.  Expansion  of  (365)  in  terms  of  the  density 
functions  of  the  random  variables  yields 

00 

= //■ . (I,  (z  -rj  . (3^0) 

- CX3 
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Here,  the  problem  Is  to  find  a probability  density  function  for 
the  residual  noise  voltage,  r^,  which  satisfies  (370).  Although  this 
Implies  a lengthy  trial  and  error  search,  there  are  two  characteristics 
of  the  random  variable,  r^,  which  have  already  been  determined: 

(1 ) the  mean  square  value  of  the  residual  noise  voltage,  rp2,  is 
related  to  the  mean  square  total  noise  voltage  by  the  factor 
and  (2)  the  probability  density  function  of  rp  Is  similar  ir  form  ^o 
that  of  z.  This  latter  condition  Is  not  quantitatively  definitive, 
but  It  suggests  that  "trial"  residual  voltage  distributions  might  be 
chosen  from  the  family  of  typical  atmospheric  noise  distributions.  The 
former  condition,  however,  prescribes  that  the  trial  probability 
density  function,  f^  (Rn^  chosen  such  that  rj^  = 

6.3.5  Numerical  Convolution  Process 

The  next  step  In  determining  fpp(Rn)  evaluation  of  the 

convolution  integral  (370)  for  appropriate  choices  of  fj.p  (Rp)  . This 
process  yields  corresponding  density  functions  f^'  (Z)  of  the  noise 
voltage,  z',  synthesized  as  the  sum  of  the  impulsive  voltage,  Ip,  and 
the  trial  residual  voltage,  r^.  Altnough  the  density  function  f^p  (Rn) 
is  actually  continuous  for  all  R,,  (353)  only  permits  Its  evaluation  at 
specific  points,  such  as  ^ AV  ^ nn  - 0 ^ ± / , • • . 

On  the  other  hand,  f^p  (Ip)  , which  has  been  shown  to  have  a singularity 
at  the  origin  under  most  conditions.  Is  approximated  by  a weighted 
Impulse  at  the  origin  and  a continuous  function  elsewhere.  For  future 
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computations,  it  Is  convenient  to  modify  (1^,)  to  the  following 
representat'’on: 


- d'fCiJ 


(3: 


where 


= oL-2€-F-  (e). 


In  accordance  with  the  definitions  of  f^n  ^ previously 

obtained  (361),  and  (1^)  1s  the  continuous  portion  of  f^^  (I^)  . 

>N 

The  density  function  f^p  (I^)  Is  now  continuous  for  all  Ip, 
so  that  f-in  (^n)  can  also  be  specified  at  specific  points,  such  as 


In  = n n - 0^  ± ! , • - ' . 

Substituting  (371)  Into  (370),  the  probability  density  of  the 
synthesized  noise  voltage,  z'.  Is  given  by 

oo 

\_d 's  (tJ  + fr  (l^  )]  " 
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The  first  term  of  this  equation  yields 


f d 'fCrJfr,  (i  = d%(s), 


The  second  Integral,  however,  must  be  numerically  evaluated. 
For  a specific  value  of  Z,  (say  I = M /r?  = ± the 

value  of  the  Integrand,  6 (Z-,  In)  . at  tn  " o,  ± 1^  • * 

Is  given  by 


nAv)=  [n Av]fr^[(f^  -n)  Av]  (374) 


These  values  of  G (Z,  Ip)  , wnich  are  equally  spaced  at  an  Interval 
of  AV  volts,  can  be  us*id  to  perform  the  integration  by  Simpson's  Rule. 
This  yields 
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where  N 1s  chosen  sufficiently  large  that  ; ±2NAv)  — 0. 

Finally,  combining  these  results  yields 
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The  final  step  Is  to  compare  the  statistical  description  of  the 
synthesized  noise  voltage,  z',  with  the  original  total  noise  voltage, 
2.  Although  It  Is  Ideally  desirable  to  directly  compare  f^'  (Z)  with 
fz  (Z)  » this  process  Is  tedious  at  best.  As  an  alternative.  It  was 
determined  that  the  ratio  and  mean  square  values  corresponding  to 
z'  could  be  computed  and  directly  compared  with  those  of  the  original 
noise  voltage,  z.  The  next  section  presents  seme  specific  results 
which  Illustrate  the  efficacy  of  this  approach. 

6.3.6  Estimation  of  Residual  Noise  Statistics 


Consiciar  again  the  specific  case  where  the  total  noise  has  a 
Vd  ratio  of  9 dB  and  ^ = .5.  (Recall  that  the  probability  density 
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functions  of  both  the  total  noise  voltage,  z,  and  Impulsive  component 
noise,  iy,,  are  depicted  In  Figure  .7.)  Here  (342)  and  (344)  Indicate 
a hard  limiting  noise  power  reduction  of  11.62  dB  ( according  to 
the  Impulsive  noise  subtraction  principle.  Employing  the  techniques 
of  Section  6.3.5  with  an  assumed  residual  noise  component  whose 
ratio  Is  6 ciB  (appropriately  reduced  11.62  dB  In  power)  results  In  a 
synthesized  noise  voltage,  z',  whose  ratio  Is  approximately  9 dB, 
and  whose  mean  square  value  Is  approximately  .5.  To  Illustrate, 

Figure  28  shows  the  probability  density  function  of  the  Impulsive  noise 
voltage,  ly,  (corresponding  to  total  noise  whose  ratio  Is  9 dB),  and 
the  density  function  of  the  "best  fit"  residual  noise  voltage,  r^. 

These  functions  are  then  convolved  by  (376)  to  yield  f2'  (2)  , the 
synthesized  noise  density  function.  This  result  and  the  original  total 
noise  voltage  density,  f^  (2)  , are  shown  In  Figure  29.  The  close 
agreement  of  these  density  functions  Is  obvious.  This  result  provides 
quantitative  substantiation  of  the  preceding  qualitative  estimates  of 
the  residua'  noise  characteristics.  At  this  point,  It  Is  clear  that 
this  procedure  might  provide  an  improved  basis  for  system  performance 
analysis. 

In  addition  to  the  example  of  atmospheric  noise  of  = 9 dB, 
the  same  procedure  has  been  applied  to  derive  a "best  fit"  residual 
noise  description  for  other  values.  A graph  of  these  results  Is 
given  1n  Figure  30  and  specific  values  are  listed  1n  Table  III. 
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TABLE  III.  RESIDUAL  NOISE  OUTPUT  OF 
BANDPASS  HARD  LIMITER 


Input  Noise 
Vjj  Ratio  (dB) 

Output  Noise  Power/ 
Input  Noise  Pov/er 

Ar  (dB) 

Residual  Noise 
Vjj  Ratio  (dB) 

4. 

- 3.026 

3.831 

6. 

- 6.466 

5.863 

7. 

- 8.139 

6.198 

8. 

- 9.549 

6.251 

9. 

-11.622 

6.016 

10. 

-13.001 

5.790 

12. 

-15.481 

4.836 

14. 

-17.921 

3.541 

6 , 4 Application  of  Impulsive  Noise  Subtraction  to  Systan  Analysis 
At  this  point,  It  has  been  shown  that  Impulsive  Noise  Subtraction 
provides  a quantitative  basis  for  estimating  the  noise  power  reduction 
of  hard  limiting.  Moreover,  this  hypothesis  on  the  practical  effect 
of  liiiiUlny  leads  to  a much  niore  ueflnitlve  description  of  the 
effective  residual  noise.  That  Is,  the  residual  noise  voltage,  which 
Is  assumed  to  be  statistically  Independent  of  the  additive  Impulsive 
noise  component.  Is  described  closely  by  a probability  density  function 
corresponding  to  a typical  atmospheric  noise  voltage  (but  at  a lower 
Vjj  ratio  and  power).  However,  this  result,  although  Interesting,  Is 
Inconclusive.  To  assess  the  efficacy  of  Impulsive  Noise  Subtraction 
In  system  analysis.  It  Is  necessary  to  apply  the  foregoing  results  to 
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practical  systems.  The  subsequent  discussion  outlines  this  procedure 
and  shov^s  Its  application  In  three  specific  cases  whe’^e  published 
experimental  results  are  available. 

The  residual  noise  at  the  output  of  a receiver  bandpass  hard- 
limiter  Is  approximated  by  atmospheric  noise  of  reduced  power  and 
Impulsiveness.  This  noise,  however,  is  defined  at  the  limiter  output 
and,  consequently.  In  the  limiter  bandwidth  (that  Is,  In  the  bandwidth 
where  limiting  occurs  and  not  after  bandpass  filtering  of  the  limiter 
output).  Thus,  to  relate  the  residual  noise  to  the  detection  bandwidth. 
It  1s  necessary  to  convert  both  the  V^j  ratio  and  the  noise  power  to  the 
detection  bandwidth.  The  V^j  ratio  Is  converted  by  the  procedure  of 
Crichlow,  Roudlque,  et  al  [11]  as  systematized  In  the  Bandwidth 
Conversion  Cnart  (Figure  26)  of  CCIR  322  [26].  Here,  the  entering 
arguments  of  bandwidth  ratio  (BWR)  and  ratio  of  the  residual  noise 

are  applied  to  obtain  the  V^j  ratio  of  the  noise  In  the  detector 
equivalent  noise  bandwidth.  (Recall  that  the  equivalent  noise  band- 
widths  of  the  PSK,  CFSK,  and  MSK  detectors  are  1/T,  7T^/8T,  and 

respectively,  where  the  Individual  data  elements  (bits)  are 
T seconds  1n  duration.)  The  effective  s1ynal-to-no1se  ratio  In  the 
detection  bandwidth  Is  obtained  by  Increasing  the  pre-llmiting  slgnal- 
to-noise  ratio  by  (-  A ,.)  (to  account  for  the  INS)  and  additionally 
Increasing  this  post-limiting  signal -to-nolse  ratio  by  the  product  of 
the  limiter  bandwidth  and  data  element  length  (BWR).  The  final  step  Is 
to  employ  the  analytic  procedures  for  linear  detection  of  Chapter  3 In 
atmospheric  noise  having  this  final  Vj  ratio  and  enhanced  signal -to- 
nolse  ratio.  The  INS  procedure  Is  Illustrated  In  the  following  examples. 
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6.4.1  Example  1.  (Hartley's  Experimental  Results) 

As  previously  discussed.  Hartley  [22]  presented  both  calculated 
and  experimental  results  for  a CFSK  system  where  the  BWR  was  large. 
Specifically,  his  experimental  data  was  obtained  under  the  following 
conditions: 

(1)  Bandwidth  Ratio  (BWR)  -12 

(2)  Noise  Vd  Ratio  (600  Hz)  > 9 dB 

(3)  Coherent  FSK  (M  * 1)  modulation/detection 

(4)  Hard  Limiter  Bandwidth  - 600  Hz 

The  Impulsive  Noise  Subtraction  technique  Is  applied  to  the 
analysis  of  this  system  as  follows: 

(1)  For  noise  of  9 dB  Vj  ratio  at  the  limiter  input.  Table  III 
gives  a 6.016  dB  Vj  ratio  and  a power  reduction  of  11.622  dB  for  the 
output  residual  noise. 

(2)  Using  the  6.016  dB  residual  noise  ratio  and  a BWR 

of  12,  Figure  26  of  CCIR  322  gives  a Vj  ratio  of  2.65  for  the  noise 
as  referenced  to  the  CFSK  equivalent  noise  bandwidth  ( TT^/ST). 

(3)  Appendix  D gives  decision  error  rates  for  linear  PSK 
detection,  and  Tables  D-VI  and  D-VII,  error  rates  for  Vj  « 2.5  and 
2.75,  respectively. 

(4)  Now  recalling  that  linear  CFSK  detection  has  been  shown 
to  bs  3 dB  less  efficient  than  linear  PSK  detection,  each  signil-to- 
nolse  ratio  In  Tables  D-VI  and  D-VII  must  be  increased  by  3 dB  to 
reflect  CFSK  performance  for  each  error  rate.  Linear  interpolation 
then  yields  the  bit  error  rate  for  an  effective  (CFSK  detection) 

V(j  ratio  of  2.65  dB.  • 
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(5)  Finally,  the  noise  reduction  factor,  /\  of  -11.622  dB 
(from  Table  III  for  V(j  = 9.  dB)  must  be  applied  to  the  CFSK  signal -to- 
nolse  ratios  as  established  1n  the  preceding  step. 

The  resultant  bit  error  rate  Is  plotted  In  Figure  31  with 
Hartley's  measured  data  superimposed.  Note  the  close  agreement  between 
the  measured  and  computed  performance  of  this  system. 

6.4.2  Example  2.  (Ltnfield  and  Beach's  Experimental  Results) 

In  addition  to  Hartley  [22],  Linfleld  and  Beach  [33]  have 
published  some  experimental  results  for  detection  of  coherent  FSK 
(CFSK)  signals  where  a high  BWR  hard-limiting  receiver  Is  employed. 

In  addition,  a plot  of  the  corresponding  noise  statistics  Is  given. 

It  should  be  noted  that  there  Is  a very  limited  number  of  data  points 
In  the  low  amplitude  region  so  that  the  placement  of  the  Rayleigh 
portion  of  this  measured  APD  Is  somewhat  av’bitrary.  On  the  other  hand, 
there  are  more  than  sufficient  data  points  to  define  the  placement  and 
slope  of  the  steep.  Power  Rayleigh  portion  of  the  APD.  Based  on  this 
well-defined  slope  (X/2)  of  the  Impulsive  portion  of  the  APD  and  the 
most  probable  relationship  between  V^j  and  X as  defined  by  Crichlow 
[10],  [11],  the  V(j  ratio  of  the  atmospheric  noise  Is  estimated  to  be 
13  dB  (as  referenced  to  the  751  Hz  receiver  noise  bandwidth).  The 
other  significant  parameter  In  this  experimental  system  was  the  BWR  of 
37.55  (that  Is,  each  binary  element  was  50  msec..  In  duration). 

Using  these  system  parameters  and  quadratic  Interpolation  In 
Table  III,  a noise  reduction  factor  of  A ^ = -16.7  dB  and  a residual 
noise  Vjj  = 4.25  dB  are  obtained.  In  turn.  Figure  26  of  CCIR  322  yields 
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Figure  31.  CFSK  Hard  Limitinf!  Receiver  Performance  in  Atmospheric  Noise 
Computed  by  Impulsive  Noise  Subtraction  (INS). 


a Vjj  ratio  or'  1.65  dB  for  the  BWR  of  37.55.  Next,  application  of  the 
CFSK  equivalent  noise  bandwidth  ratio  of  ( tT^/6)  yields  an  effective 
post-detection  noise  V^j  ratio  of  1.75  dB.  Fmployins  Table  D-III 
(Vjj  = 1.75),  the  3 dB  performance  differential  (for  CFSK  operation), 
and  the  ^ “ -16.7  dB  noise  reduction  factor,  the  desired  bit  error 
rate  Is  obtained.  This  Is  plotted  In  Figure  32  with  the  measured 
experimental  data  superimposed.  Here  again,  there  Is  agreement  within 
about  2 dB  throughout  the  probability  range.  Although  this  agreement 
Is  not  as  close  as  with  Hartley's  results.  It  Is  much  closer  In 
placement  and,  especially,  slope  than  other  computational  estimates 
heretofore  available. 

These  practical  examples  show  clear  experimental  substantiation 
of  the  Impulsive  Noise  Subtraction  technique  for  system  analysis. 
Moreover,  these  examples  demonstrate  Its  application  for  BWR's  of 
12  and  37.55,  and  the  close  agreement  with  experimental  results  In 
both  cases  Implies  that  this  technique  Is  applicable  over  a wide  range 
at  least  fvorr.  12  to  37.55,  Inclusive.  However,  a third  example  Is 
presented  to  assess  the  quantitative  validity  of  this  approach  for 
much  smaller  BWR's. 

6.4.3  Example  3.  (Small  Bandwidth  Ratio  Experimental  Results) 

Here  the  Impulsive  Noise  Subtraction  technique  Is  applied  to 
the  experimental  system  previously  evaluated  by  pulse  statistical 
analysis  (PSA)  for  a small  BWR.  Specifically,  the  system  parameters 
and  experimental  data  are  those  whose  PSA  evaluation  appears  In 
Figure  21  (K  * 1).  These  experimental  conditions  are: 
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Figure  32.  CISK  Hard  Limiting  Receiver  Performance  In  Atmospheric  Noise 
Computed  by  Imoulslve  Noise  Subtraction  (INS), 


3.7 


(1)  Bandwidth  Ratio  (BWR)  “ 

(2)  Noise  Vjj  Ratio  (600  Hz)  » 9.  dB 

(3)  Coherent  FSK  (M  » 1 ) modulatlon/detectlon 

(4)  Coherent  CSK  (MSK  Functional)  modulatlon/detectlon 

(5)  Hard  Limiter  Bandwidth  = 185  Hz 

This  analysis  proceeds  as  follows: 

(1)  From  Figure  26,  CCIR  322,  the  V^j  ratio  of  the  noise  In 
the  limiter  bandwidth  (by  the  ratio  600  Hz/185  Hz  = 3.24)  Is  5.5  dB. 

(2)  By  quadratic  Interpolation  In  Table  III,  the  noise  power 

reduction,  A Is  -6.385  dB  and  the  residual  noise  ratio  Is 

5.25  dB. 

(3)  Using  BWR  » 3.7,  che  CFSK  equivalent  noise  bandwidth 
conversion  factor  ( tt^/8),  and  the  residual  noise  Vj  = 5.25  dB  In 
Figure  26,  CCIR  322  [26],  the  V^j  ratio  in  the  CFSK  noise  bandwidth 
Is  3,35  dB.  In  the  case  of  the  MSK  functional,  the  equivalent  noise 
bandwidth  is  half  that  of  the  CFSK  detector  so  that  the  BWR  for  the  MSK 
functional  !»  7.4  yielding  a = 2.75  dB  for  the  ncise  In  the  MSK 
noise  bandwidth. 

(4)  Interpolating  the  data  from  Tables  D-IX  (V^j  = 3.25)  and 
D-X  (V^i  « 3.5)  yields  the  PSK  decision  error  rate  as  a function  of 
signal -to-no(se  ratio.  Now  applying  the  3 dB  correction  for  CFSK 
detection,  and  -6.385  dB  noise  reduction  for  hard-limiting,  the  CFSK 
decision  error  rate  Is  determined. 

(5)  Also,  using  Table  DV-II  gives  the  PSK  decision  error  rate 
for  V(j  = 2.75  dB.  This,  as  has  been  shown,  Is  also  the  MSK  decision 
error  rate. 
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(6)  Finally,  the  character  error  rates  for  CFSK  and  CSK 
demodulation  are  calculated  according  to  (179)  and  (319), 
respectively. 

These  results  are  plotted  1r.  Figure  33  with  measured  data 
values  superimposed.  Also,  error  rates  calculated  by  PSA  for  K = 1.0 
(from  Figure  21)  are  Included  In  Figure  33.  A comparison  of  these 
INS  results  with  those  of  PSA  readily  shows  that  the  INS  method  yields 
error  rates  substantially  greater  than  those  computed  by  PSA;  these 
INS  estimates  also  show  much  poorer  agreement  with  the  measured  data, 
especially  for  the  CSK  system.  Moreover,  It  should  be  noted  that 
the  INS  analysis  suggests  that  the  performance  differential  between 
CFSK  and  CSK  Is  only  about  3 dB  whereas  both  the  PSA  computations  and 
the  measured  data  clearly  show  that  this  differential  Is  about  6 dB. 
Thus,  the  results  of  Example  3 definitely  show  that  INS  Is  much  less 
accurate  than  PSA  for  small  BWR's;  In  fact.  It  should  be  considered 
Inappropriate  for  BWR's  on  the  order  of  8 or  less. 
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Figure  33.  CFSK  and  CSK  System  Performance  as  Measured  and  as  Comouted 
by  .’ulse  Statistical  Analysis  (PSA)  and  Imoulslve  Noise 
Subtraction  (INS)  (Atmospheric  Noise  8 db-^  Vj-^9,9  db, 
CFSK  BWR  - 3.7,  CSK  BWR  - 7.4). 
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Chapter  7 

CONCLUSIONS  AND  RCCOMMENDATIONS 


7.1  Overview 

This  chapter  presents  a summary  of  the  significant  conclusions 
and  limitations  of  this  investigation  and  areas  where  additional 
Investigations  would  be  valuable.  The  list  of  conclusions  Is  divided 
Into  two  main  sections:  (1)  those  dealing  with  the  performance 

analyses  of  linear  receiver  systems,  and  (2)  those  dealing  with  the 
performance  analyses  of  hard-limiting  receiver  systems.  In  turn,  the 
latter  section  summarizes  the  development,  validation,  and  limitations 
of  the  two  non-linear  analysis  techniques.  Pulse  Statistical  Analysis 
(PSA)  and  Impulsive  Noise  Subtraction  (INS).  The  second  major  section 
of  this  chapter  presents  topics  for  further  Investigation  which  might 
enhance  the  analytical  results  presented  In  this  report  or  might 
contribute  to  Improvements  In  future  communication  system  design  and 
analyses. 

7.2  Results  and  Conclusions 
7.2.1  Linear  Systems  Analyses 

The  results  and  conclusions  pertinent  to  the  analyses  of  linear 
coherent  detection  In  atmospheric  noise  are  developed  In  Chapters  3 
and  4 of  this  report.  Because  truly  linear  receivers  are  less 
efficient  in  Impulsive  atmospheric  noise  than  various  non-11n?;r 
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receivers.  Including  the  hard“11m1t1ng  receivers  analyzed  In  this 
dissertation,  they  are  not  as  widely  employed  for  VLF/LF  FSK 
communications.  Nevertheless,  the  analyses  of  the  linear  receivers 
provide  Important  Insights  Into  the  operation  of  more  optimum  non- 
linear receivers.  Moreover,  the  quantitative  results  obtained  here 
are  specifically  applicable  to  the  analysis  of  spread  spectrum  systems 
where  receiver  linearity  Is  essential. 

7. 2. 1.1  Coherent  PSK  Detector  Functional 

The  first  result  of  the  linear  system  analyses  Is  the  develop- 
ment of  usable  mathematical  expressions  for  the  coherent  biphase  PSK 
detector  output  (known  as  the  detector  functional).  Its  relationship 
> to  tabulated  atmospheric  noise  statistics,  and  the  consequent  detection 

error  probability  expressions.  In  addition,  an  accurate  numerical 
procedure  Is  developed  to  evaluate  the  PSK  error  probablllcy  for  both 
Gaussian  and  non-Gausslan  atmospheric  noise. 

7. 2. 1.2  Coherent  FSK  (H  «=  1)  Detector 

The  CFSK  post-detection  signal -to-nolse  ratio  Is  1/2  that  of 
the  PSK  system  and  Impulsiveness  (V^j  ratio)  of  the  CFSK  noise  corresponds 
to  a bandwidth  tT^/8  times  as  great  as  for  the  PSK  detector.  This 
factor  of  rr^/8  Is  the  ratio  of  the  equivalent  noise  bandwidths  of  the 
CFSK  and  PSK  detectors,  respectively. 

7. 2. 1.3  MSK  Detector 

The  MSK  detector  functional  Is  of  the  same  mathematical  foimi 
as  the  CFSK  functional,  except  that  the  time  durations  are  doubled  for 
a given  data  transmission  rate.  This  means  that  the  equivalent  noise 


i 

1 


1 


1 


1 


/ 


I 

I 


a 


276 


bandwidth  of  the  MSK  detecto.'  is  1/2  that  of  the  CFSK  detector.  Since 
the  MSK  and  CFSK  post  detection  signal  voltages  are  equal  in  niagnitude, 
the  narrower  MSK  noise  bandwidth  results  in  tha  MSK  detector  having  a 
3 dB  higher  signal -to-noise  ratio.  Moreover,  the  MSK  post-detection 
noise  is  less  impulsive  than  the  CFSK  noise  because  the  ratio  of 
the  MSK  post-detection  noise  corresponds  to  a bandwidth  which  is  1/2 
that  of  CFSK  post-detection  noise. 

7. 2. 1.4  Experimental  Validation  of  the  Linear  Performance  Calculations 
Measured  PSK  bit  error  rates  and  CFSK  and  MSK  teletype  character 

error  rates  are  in  very  good  agreement  with  error  rates  as  computed  by 
the  linear  system  analyses. 

7. 2. 1.5  Comparison  of  Linear  Systems 

Based  on  bit  error  rate  characteristics  computed  for  various 
Vjj  ratios,  it  is  apparent  that  the  error  rate  characteristics  become 
flatter  with  increasing  V^j  ratio.  Thus,  significantly  more  signal  power 
is  required  for  a given  low  error  probability  as  the  Vj  ratio  increases. 
Because  the  MSK  pcst-detection  signal -to-noise  ratio  equals  that  of  the 
PSK  system  (3  dB  greater  than  the  CFSK  system)  and  has  a Vj  ratio 
corresponding  to  a noise  bandwidth  tr^/lo  that  of  the  PSK  detector 
(1/2  that  of  the  CFSK  detector),  the  MSK  detector  exceeds  both  the  PSK 
and  CFSK  detector  s non-Gaussian  atmospheric  noise  efficiency.  (In 
Gaussian  noise,  the  MSK  and  PSK  detectors  are  equal  in  efficiency  and 
3 dB  better  than  the  CFSK  detector.) 
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i.Z  Non-Linear  (Hard -LI ml  ting  Receiver)  System  Analyses 
The  non-linear  technique  considered  in  this  study  is 
that  of  receiver  pre-detection  bandpass  limiting  where  both  signal 
and  noise  are  limited  to  the  extent  that  the  limiter  output  waveform 
Is  rectangular.  The  effect  of  this  pre-detection  hard-limiting  Is  to 
reduce  Impulsive  noise  power  at  the  d».tector  Input.  For  an  Impulsive 
atmospheric  noise  Input,  this  results  In  a significant  signal-to-nolse 
ratio  enhancement  at  the  detector  Input  and  a consequent  Improvement 
In  overall  system  efficiency. 

The  analyses  of  hard-limiting  coherent  receiver  performance  are 
developed  In  Chapters  5 and  6.  The  first  technique,  Pulse  Statistical 
Analysis  (PSA),  Is  based  on  the  hypothesis  that  detection  errors  are 
caused  almost  exclusively  by  a small  number  of  hlgh-ampl Itude  noise 
pulses  occurring  within  a given  detection  element.  On  the  other  hand, 
the  second  technique.  Impulsive  Noise  Subtraction  (INS)  Is  based  on  the 
hypothesis  that  the  hard-1 Imiter  effectively  subtracts  the  Impulsive 
component  of  the  noise  so  that  the  limiter  output  consists  of  the 
signal  and  a residual  noise  component.  In  this  case,  error  probabilities 
are  governed  by  the  statistics  of  the  residual  noise  component. 

7. £.2.1  Analyses  of  Small  Bandwidth  Ratio  (BWR)  Systems  by  Pulse 
Statistical  Analysis  (PSA) 

The  PSA  technique  is  based  on  the  probability  that  a small 
number  of  alstinct  received  noise  pulses  per  bit  will  produce  a decision 
(or  bit)  error.  It  Is  assumed  that  the  amplitudes  of  these  Isolated 
pulses  exceed  the  signal  amplitude  sufficiently  to  cause  the  phas ^ 
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(zero-crossings)  of  the  limiter  output  to  coincide  with  the  noise 
during  a noise  pulse  and  with  the  signal  otherwise.  The  duration  of 
these  “noise  capture"  Intervals  Is  a function  of  the  noise  pulse 
amplitudes  and  the  pre-llmiter  receiver  filter  bandwidth.  The  ratio 
of  this  pre-llmiter  bandwidth  to  the  detection  bandwidth  Is  designated 
as  the  bandwidth  ratio  (BUR). 

7. 2. 2. 1.1  :*SA  Development 

The  PSA  technique  Is  developed  on  the  basis  of  Isolated 
high-amplltude  noise  pulses  whose  amplitudes  within  a given  bit  arc 
assumed  to  be  monotonically  related  by  a power-Raylelgh-derIved  ratio. 
On  the  other  hand,  the  RF  phase  of  each  noise  pulse  Is  assumed  to  be 
constant  during  the  limiter  'capture"  Interval  and  the  phases  of  the 
pulses  are  assumed  to  be  statistically  Independent.  Noise  pulse 
amplitudes,  and  consequent  limiter  capture  Intervals,  are  based  on 
atmospheric  noise  APD's.  Pulse  occurrence  rates  are  computed  by  an 
empirically  derived  power-law.  From  these  occurrence  rates,  Poisson 
pulse  distributions  are  defined  and  error  rates  are  computed  by  this 
statistical  distribution. 

7. 2. 2. 1.2  Quantitative  Convergence  of  Error  Rates  Computed  by 
Poisson  and  "Clustering"  Statistical  Distribution 
Because  received  noise  pulses  resulting  from  multiple 

strokes  of  a single  lightning  discharge  have  statistically  dependent 
occurrence  times  ("Clustering"  pulse  statistical  distribution),  a 
Poisson  pulse  statistical  distribution  (Implying  statistically 
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Independent  occurrence  times)  Is  not  physically  exact.  However, 
error  rate  characteristics  computed  by  each  of  these  statistical 
distributions  are  nearly  Identical.  Hence,  either  model  Is 
quantitatively  accurate. 

7. 2. 2. 1.3  Experimental  Validation  of  PSA  for  CFSX  and  CSK  (MSK 
Detection  Systems 

lieasured  CFSK  and  CSK  (MSK  detection,  differential  post- 
detection logic)  teletype  character  error  rates  are  In  very  good 
agreement  with  error  rates  as  calculated  by  PSA  for  Vj  ratios  of 
6-14  dB  (In  a 600  Hz  measurement  bandwidth)  and  BWR's  of  3.7  and  7.4. 
This  agreement  holds  for  character  error  rates  between  .01%  and 
approximately  30%  (which  corresponds  to  an  approximate  bit  error 
range  between  .0017%  and  6%). 

7. 2. 2. 1.4  Performance  Differential  Between  CFSK  and  CSK  (MSK 
Detection)  Performance 

Computational  estimates  made  by  other  Investigators  which 
merely  modify  linear  or  Gausslan-nolse  performance  analyses  to  account 
for  non-linear  receiver  performance  In  atmospheric  noise.  Indicate  an 
approximate  3 dB  dlffei^entlal  between  CFSK  and  CSK  performance.  The 
PSA  computations,  pn  the  other  hand,  are  accurately  consistent  with 
the  6 dB  differential  obtained  by  extensive  experiments. 
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7. 2. 2. 1.5  BWR  Limitation  of  PSA 


The  close  correspondence  of  error  rates  calculated  by  PSA 
and  experimentally  measured  for  BWR's  of  3.7  and  7.4  Indicates  that 
PSA  Is  valid  for  BWR's  up  to  approximately  8.  However,  CFSK  bit 
error  rates  computed  by  PSA  for  a BWR  12  show  very  poor  agreement 
with  experimental  data.  Hence,  PSA  Is  of  questionable  accuracy  for 
BWR's  greater  than  8 and  clearly  Inaccurate  for  BWR's  as  great  as  12. 

7. 2. 2. 2 INS  Development 

In  the  case  where  the  BWR  Is  large  and  the  noise  process  Is 
approximately  white,  an  acceptable  signal -to-nolse  ratio  In  the 
detection  bandwidth  Is  obtained  even  with  a very  small  signal -to-nolse 
ratio  In  the  pre-llmiter  bandwidth.  Moreover,  this  much  greater  pre- 
llmlter  bandwidth  causes  the  pulsewldth  of  a received  Impulse  to  be  a 
very  small  fraction  of  the  reciprocal  of  the  detection  bandwidth.  Hence, 
large-amplitude,  Individual  noise  Impulses  have  minimal  effect  on  error 
probabilities.  On  the  other  hand,  the  residual  noise  component  accompanying 
the  Individual  Impulses  Is  the  principal  cause  of  decision  errors. 

7. 2. 2. 2.1  Enhancement  of  Small  Signal -to-Nolse  Ratios  In 
Atmospheric  Noise  by  Hard-Limiting 
Small-signal  t-tlmates  of  post-limiting  signal-to-nolse 
ratios  Indicate  that  signal -to-nolse  ratios  are  dramatically  Increased 
by  hard-limiting.  The  quantitative  effect  varies  directly  with  the 
ratio  of  the  pre-l1m1t1ng  noise.  It  Is  approximated  by  directly 
subtracting  the  Impulsive  noise  power  »*epresented  by  the  steep  power- 
Raylelgh  portion  of  the  APD  while  maintaining  constant  signal  power. 
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7. 2. 2. 2. 2 Residual  Noise  Component 

"Best-rit"  approximations  of  the  probability  density 
the  Umlter  Input  noise  are  obtained  by  numerically  convolving 
Impulsive  noise  (Power  Rayleigh  APD)  voltage  probability  densities 
with  trial  residual  noise  voltage  densities.  The  resultant  residual 
noise  voltages  are  non-Gausslan,  significantly  Impulsive  and 
statistically  similar  to  typical  atmospheric  noise. 

7. 2. 2. 2. 3 Experimental  Validation  cf  the  INS  Technique 

CFSK  bit  error  rate  characteristics  coirouted  by  INS 
correspond  closely  In  both  placerent  and  slope  to  experimental  data 
for  BWR's  of  12  and  37.55.  The  close  correspondrsncc  Implies  that 
INS  Is  quantitatively  valid  for  12:^  BWR  < 37.55. 

7. 2.2. 2. 4 BWR  Limitation  of  INS 

Character  error  rates  computed  by  INS  for  CFSK  at  a BWR 
of  3.7  and  for  CSK  at  a BWR  of  7.4  show  very  poor  agreement  with 
measured  experimental  results.  Thus,  INS  Is  of  questionable  accuracy 
for  BWR's  less  than  12  and  Inaccurate  fo>^  BWR's  of  8 or  lower. 

7. 2. 2.3  General  Conclusions  Concerning  No?i  Linear  System  Performance 

7. 2. 2. 3.1  MSK  detection  (as  Implemented  In  the  experimental  CSK 
system)  Is  clearly  more  efficient  than  CFSK  detection  In  a hard- 
limiting  receiver. 

7.2. 2.3.2  In  the  case  of  small -s'!gnal-tr«no1se  ratios,  noi?s  reduction 
obtained  by  hard-limiting  Increases  markedly  as  the  noise  ratio 
Increases.  Because  the  V^j  ratio  also  Increases  with  bandwidth. 
Increasing  the  limiter  bandwidth  (or  receiver  BWR)  greatly  Incri  js 
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the  effectiveness  of  hard-limiting  noise  reduction.  The  practical 
constraint  on  this  strategy  Is  the  need  for  sufficient  receiver 
selectivity  to  e^xclude  other  signals  and  non-impulsive  Interference. 

7. 2. 2. 4 General  Limitations  of  PSA  and  INS 

7. 2. 2. 4.1  Incomplete  BWR  Range 

Both  PSA  and  INS  are  of  questionable  accuracy  for 
8 < BWR  < 12. 

7. 2. 2. 4. 2 Limited  Range  of  Experimentally  Validated  Error  Rates 
Because  of  limited  experimental  data,  only  character  error 

rates  greater  than  lO"^  have  oeen  experimentally  validated. 

7.3  Recommendations  for  Extensions  and  Additions  to  the  Investigations 

7.3.1  The  first  recommendation  Is  to  Investigate  the  statistical 
Independence  of  time  adjacent  observations  of  the  atmospheric  noise 
voltage.  Numerical  "best-fit”  probability  density  syntheses  described 
In  3. 3. 2. 2.1  Imply  that  an  appropriate  time  division  of  the  PSK  detector 
noise  functional  may  yield  statistically  Independent  sample  noise 
voltages.  Further  analyse^'  and  syntheses  validated  by  experimental 
measurements,  and  possibly  employing  characteristic  functions,  would 
establish  bounds  on  the  validity  of  this  principle  and  provide 
valuable  quantitative  data  for  receiver  and  modem  designs  and 
performance  analyses. 
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7.3.2  A second  reccfimendatlon  Is  to  develop  a unified  analytical 
procedure  wherein  the  pulse  statistical  analysis  and  Impulsive  noise 
subtraction  techniques  are  suitably  merged  to  accomnodate  any  pv'actical 
receiver  BKR. 

7.3.3  A third  ricommendatlon  Is  that  a measurement  program  be  under- 
taken to  obtain  atmospheric  noise  bit  error  rates  substantially  lower 
than  the  lO*^  now  available.  Such  an  effort  might  require  the 
development  and  validation  of  realistic  atmospheric  noise  simulators 
to  provide  a stationary  noise  source. 
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APPENDIX  A 


Derivations  of  Selected  Integrals 
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By  the  convolution  theorem. 
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A6.  Inverse  Hankel  Transform 

The  Hankel  transform  of  a probability  density  function  fyCX) 
Is  given  by 


c*o 


f 


where  Jq  ( • ) Is  the  zero  order  Bessel  function  of  the  first  kind 
and  X ^ 0. 


It  Is  known  that 

4 <xj  -j( oi. 

where  S [•]  Is  the  Dirac  delta  function. 


Assuming  the  existence  of  an  Inverse  Integral  transformation, 
It  Is  postulated 
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For  this  to  hold,  the  following  is  necessary: 


^ (y-x)  = f sCx,  f)  T.  (f  y)  df  . 

Multiplying  both  sides  by  the  function  0^  (XY)  and  integrating 
with  respect  to  Y yields: 


oo 


J S(y-x)  J,  Cxy)dy 


M Cx,  f)  j; 


oo 


=y f (Xj  M^y . 


According  to  Grobner  and  Hoffrelter  [19],  equation  155-6a; 


oo 


(fy)j',  (yy)Jy  = 
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Hence, 


T,  (ax)  - ^ f ^ f)  df  , 

•^0 

And  differentiation  of  both  sides  of  this  result  with  respect  to  A 
yields: 


= XX  J.  (a^ 

Hence,  the  Inverse  transformation  Is  defined  by 


(f)  T.  (a  f)^f , 


(A6) 
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APPENDIX  B 


STATISTICAL  PROPERTIES  OF  THE  RATIO  OF  AMPLITUDES 
OF  INDEPENDENT  IMPULSIVE  ATMOSPHERIC  NOISE  PULSES 

The  time  response  of  a linear  LRC  bandpass  filter  to  an  Impulsive 
signal  of  the  form  produced  at  VLF  by  a typical  lightning  strike  Is 
given  by 

C-t)  = Pe  ^ ^Sih  O;. 


where  (Vq  is  the  angular  center  frequency  of  the  filter,  b Is  the  3 dB 
half- bandwidth  In  radians/ second,  U ( •)  Is  the  unit  step  function,  and 
tg  Is  the  time  of  occurrence. 

Moreover,  the  noise  component  E,  given  P,  of  the  integrate-and- 
dump  detector  produced  by  such  a single  pulse  Is  given  by  (198)  as 

£ = ■(  T ‘>T»i , <”®> 


Now  the  ratio,  z,  of  the  amplitudes,  P-|  and  P^,  of  Independent 
noise  pulses  Is  examined.  Here  ^ ^ Is  a non-negative 

random  variable. 

Moreover,  (198)  leads  directly  to 


(Bl) 
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Using  this  latter  relationship. 


0 ^ z)  = 8-  (1^  ^ z)  = p,  (e,  ^ (B*) 

The  probability  density  funct.on  for  z is  given  by 


Here,  in  the  impulsive,  power-Rayleigh  region  of  the  atmospheric 


noise  APD, 


■fe  CE)  = 


2d 


(B5) 


The  parameter  X is  the  ratio  of  the  slope  of  the  impulsive  power- 
Rayleigh  part  of  the  atmospheric  noise  APD  to  the  slope  of  the  Gaussian 
(Rayleigh  envelope)  part.  Substitution  cf  fg  (E)  in  the  expression  for 
■fz  (Z)  yields 


25-< 


•AE. 


(B6) 
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Using 
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Now  consider  the  function 


r - 
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The  probability  density  of  r Is  obtained  by 

f.(«)  = 4-^(z)|4ll 

■fj.  ,o^2^\ 


This  leads  to 


if<)  = 


- 0 


Because 


(assuming  Pp  (z  » 1)  ■ 0).  the  two  parts  of  fp  (R)  simply  "fold  over" 
and  are  additive.  Thus, 


fr  - ~ 


‘IR 


Vx~> 


(As  a check.  It  Is  readily  found  that 

Evaluation  of  r.  An  Important  parameter  In  the  evaluation 
of  error  probabilities  Is  the  average  value  of  r.  Here 

UT  = E{l^rj  =^L„Rf.CA)dR 


(BIO) 


(BlOa) 
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Using 


V = R 


Vx. 


= xA  =-X^n2. 


(B12) 
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Evaluation  of  the  moments,  Also  of  Interest  In  the 
evaluation  of  error  probabilities  are  the  statistical  moments  of 
the  ratio  r.  Here 


Integration  by  parts  yields 


2.R 


/ 1 


+ 2K 


Substitution  of 


U = K in  the  second  term  leads  to 


I h 2 K 


(B13) 


(B14) 
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The  Integrand  may  be  expanded  Into  the  series 
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That  1s,  the  series  1s  absolutely,  and  hence  uniformly, 
convergent  for  U>  0.  Thus,  the  series  expansion  of  (B16)  may  be 
substituted  the  integral 


= 2^tC-0' 


tn^o 


where 


€>0. 

Now  considering 

Cx5)  ^ ^ ^ / 

2. K-L <-;) ’'\t1T~ 

the  ratio  of  the  magnitudes  of  the  n + 1 th  and  the  nth  terms  is 


IrI  = •<'  2>2_  ^ I ^11 

' ' KX  +2n  + 3.  ’ 

This  property  of  monotonic  decrease  with  increasing  n and  the 
fact  that  the  series  is  alternating  Insure  that  the  series  is 
convergent.  Therefore, 


=1  -1  -H  2KX 


XX 


Sj  Gost^t 

In  the  linear  detection  system  depicted  above,  the  decision 
statistic,  or  detector  functional,  is  given  by 


- ns  U)Scfn  2ot>»irJ  Jit ^ 
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utilizing  the  low  frequency  comoonents  In  the  Integrand 


= ■ 

Z ZT J CO 

The  mean  value  of  the  functional  is  given  by 

2. 

And  the  mean  square  of  the  functional » by 

-h  n , ^ 


The  Integrand  reduces  to 


p([KSi-h^  (-tjJ'fics -t- r)c  (t^= 


I 

t ^ ^ « C^/ ) /7  c (-^z)J  ^ 


How  It  is  assumed  that  the  noise  process.  n(.(T),  is  zero  mean  and 
approximately  white  and  stationary  so  that 


Efjc  (t.)  n.fro]  = ^ i- (t, -to, 

where  is  the  double-sided  noise  spectral  density.  Using  this. 


(C8) 


Hence, 


IP  p-^_ 

\\<L  - yT 


(C9) 


and  the  ratio  of  the  squared  mean  to  the  variance  for  the  linear 

detector  functional  is  given  by 
a 
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In  the  hard-limiting  system  above,  the  test  statistic  Is 
given  by 

f C"t)  c Oj»t  0I  t ^ 

Here  the  signal  Into  the  limiter,  S(t),  Is  given  by 

S(^')  - KS  cos  OU»t  -#-€  M CoS  ^ ^ ^ ^)J 

where  S Is  the  signal  amplitude,  e (t)  Is  the  noise  envelope  process, 
and  K ■ + 1 according  to  the  data.  The  limiter  output,  q (t),  has  a 
nearly  rectangular  waveform  of  amplitude  L.  The  zero  crossings  (or 
phase)  of  q (t)  correspond  to  the  phase  of  the  larger  component  of 
S (t).  However,  the  mixing  process  produces  a low-pass  response 
governed  only  by  the  In-phase  components  of  q (t),  that  Is,  the  output 
corresponding  to  the  Input: 

KS  cos  u/,  Ct)  C.OS  0 Ct)  CoS 

The  quadrature  component  of  q (t)  which  corresponds  to  the 
Input: 

jtVi  ^C^)sLh  cu.  tr 

mixes  with  the  reference  to  produce  an  output  composed  of  frequency 
components  at  2 and  higher  harmonics.  Therefore,  the  effective 
limiter  output  produced  by  the  In-phase  portion  of  S (t)  Is  given  by 
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Cxft)  = L SGhij^iKS  -h  cCt)ccjSC^)jccju>.tJ  (Cl 2) 


where 


iSGN(x)  = 

This  can  be  rewritten  as: 


Cj- (i)  = LBMSGN^^CoS  co.^ 


(C13) 


where 

S(t)  = SGN^KS  €C-t)coS 

However,  If  e (t)  and  d (t)  are  assumed  to  be  narrowband  processes, 
that  Is,  varying  slowly  In  comparison  with  the  frequency  then 
B (t)  win  change  at  a much  slower  rate  than  SGN^c»s  Thus, 

for  a sequence  of  RF  cycles  where  B (t)  remains  constant  (say 
t-j  ^ t ^ t2»  t2  - t^  ),  C|  (t)  Isa  rectangular  square  wave 

of  angular  frequency  cu  ^ and  amplitude  L whose  zero's  coincide  with 
cos  <Oq  t.  Such  a square  wave  can  be  described  by  a Fourier  cosine 
series  whose  constant  (or  D.C.)  term  Is  zero  and  whose  fundamental 
component  Is  given  by 


^BCt)L 

TV 


Cos  co^t, 


t, 
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This  then  defines  the  effective  output  of  the  limiter  to  be  the 
fundamental  component  of  the  square  wave  as  modulated  by  the  temporal 
variation  of  B(t).  This  yields 


Ccff  (^) 


TT 


cos  cu^f 


- IL 

7T 


e(-i)c05^^C<XS  OJkt ^ (C14) 


Finally,  mixing  with  the  coherent  reference  signal  yields  the  low 
pass  component,  C|_  (t)  , given  by 

Q CO  = J(SA/-pr5  +•  eCOcejtfC^^  (CIS) 


(The  high  frequency  components  are  effectively  averaged  to  zero 
in  the  integrator.)  Using  C|_  (t)  as  the  integrator  input,  the  test 
statistic,  R^,  is  given  by 


or,  alternatively, 
where 

Oe  C-t)  = e Ci)ceS  SC-t), 
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Het'e  the  probability  of  error  1s  given  by 


fe  “ (.^ J.  C 


(Cl  7) 


^ l«^o)P^  (k>  c)  ^ 

Assuming  symmetry  of  the  noise  and  that  Py.  (K<0)  = (K^  0) 

=1/2,  then 


Pe  = (R^  >o  \ K<  o)  ^ 


(C18) 


where  R^j  Is  given  by 


T 

■^yr  SG  u-f-s  i-  t)c(ol  dt  (Cl  8a ) 


Now  solving  for  the  mean  of  this  test  statistic, 
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= ill 
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In  terms  of  the  normalized  variables: 


where 


V®'  Is  the  RMS  value  of  the  noise  envelope  voltage. 


In  turn, 

e/sgn[-S  + f!c  (*)]}  = 

= (l)x 

+ (-t)  X 

= I -2Pr-[>^cCt)xCs] 

= ' - 2 ^ (s) 

where  (^^/1s  the  cumulative  distribution  function  of  the 

process  f^c  at  time  t,  0 ^ t ^ T,  evaluated  at  voltage  N^.. 
Hence. 


(C20) 


(C21) 


(C22) 
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In  the  case  where  the  bandwidth  ratio  (ratio  of  limiting  bandwidth 
to  detection  bandwidth)  Is  large,  the  signal-to-nolse  ratio  In  the 
limiting  bandwidth,  t.  will  be  relatively  small,  even  for  useful  signal/ 
noise  ratios  In  the  detection  bandwidth.  Therefore,  the  function 

can  be  usefully  approximated  by  the  first  two  terms  of  a Taylor 
series  expansion  of  F„c  (t)  (S)  about  the  origin  (S  = 0): 


X 

2 


4-  -f  ^ 


(C23) 


where  Ffj  (0)  = 1/2  Implies  that  the  noise  voltage  n^.  (t)  has  zero  mean 

and  ffi  (0)  Is  the  probability  density  function  of  the  normalized  noise 
c 

process  at  zero  volts. 

Substituting  this  latter  expression  Into  (C22)  yields 


r 


(C24) 


To  complete  the  evaluation  of  ff|^  (0).  consider  the  noise  voltage 
process,  \{t).  In  terms  of  Its  envelope  and  phase. 


n (t)  ei  e Or)  Cas  0 O)  . 


(C25) 
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Here  the  phase  process  0 (t)  Is  assumed  to  vary  slowly  with  time. 
Thus,  0 (t)  will  be  anproiclmately  constant  over  a short  observation 
Interval,  (0,  T),  so  that 


&(*■)  = &,  0£i:iT,  (C26) 

where  0 Is  uniformly  distributed  over  {-  TT , 7T  ) and  statistically 
Independent  of  e (t). 

The  noise  process  thus  becomes 


He  ==  e C-ir)  COS  <9  , O (C27) 


Finally,  It  sirauld  be  noted  that  the  noise  voltage,  as  produced 
by  observation  of  the  noise  process.  Is  proportional  to  the  square  root 
of  the  bandwidth  of  the  noise  detector.  In  this  case,  the  noise 
envelorie  voltage,  E,  Is  defined  by 


jL 

T 


- T 

eMJt 


(C28) 


The  equivalent  noise  bandwidth  of  this  detector  (matched  filter)  Is 
(1/T)  Hz.  Thus,  with  the  normalized  envelope  process  defining  a noise 
voltage  density  (In  Volt  (Hz)"^/2)^  the  following  relationship  results 


E volts  , 


(C29) 


and 


^ ^ CoS  d = /t  E COS^^ 
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The  characteristic  function  for  n^.  (t)  Is  given  by 


<XD 


= y fe.(E)jE  f if  e 


= / T.(f/T'£)f^(E)JE. 

y o 


(C31) 


The  Inverse  Fourier  transformation  then  yields  the  probability 
density  function  as 


And, 
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Here  the  random  variable,  e.  Is  the  normalized  noise  envelope 


voltage  whose  APD  Is  tabulated  In  CCIR  322  [26]. 
Finally,  substituting  (C33)  Into  (C24)  yields 


VX  LS  f fc  CE.)JiE 


HS.LS  f ftC£)d£ 

— V 

The  mean  square  value  of  the  functional,  R^j  , Is  given  by 


Old 


(C34) 


SSN  [Si-n^  ft  J J * 
^<5^  SGN[~Si- 


Recalling  that  (t)  Is  approximately  white  so  that  (t-| ) and 
nc  (t^)  are  statistically  Independent  for  t-|  t2«  this  leads  to 

E-fs6N{-St  ricCt.jJoSGN 

- Efs6Nl-5*n^»,^>(- 

^ £-[ssN[-S+nc(t^]j*  (C36) 
’•[l  - 

Utilizing  (C21),  this  becomes 

Efssf^[~s-^  n.  H SGN[-Stn^  (Ojj 


- 5^  I ~ r* ) + * 2 (^)J“ 


Her; . 


(C37) 


And, 


- jr^r 


‘jJjlC 

7T*r 


(C38) 


(C39) 


315 


Thus,  the  ratio  of  the  square  of  the  mean  to  the  variance  (which 


Is  twice  the  post-detection  signal-to-nolse  ratio)  Is  given  by 




Var  (RJ-) 


^ ^ ^ r -ft  ce)  Me 

rr‘N*  LA  e 


2. 


(C40) 


Finally,  dividing  this  result  into  the  coiresponolng  ratio  for 
the  linear  detector  (CIO)  yields  the  effective  noise  reduction  factor. 
At  as 
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APPENDIX  D 


tables  of  decision  error  rates  for  linear  coherent 

PHASE  SHIFT  KEYING  (PSK)  DETECTION 


Table  D-I. 

Vjj  Ratio:  1.0491 

S'AmVh) 

pnotl.  (DECISIO.'j  EPPOR) 

- 1 id 

0.  3273P7P3E  33 

-9 

PI.30  79  1126E  33 

-a 

0.28672328E  03 

-7 

0.  26379Si:j/»E  00 

-6 

0.  23923276E  00 

0.21323107E  00 

-u 

0.186ll65v?E  00 

-3 

0.  1583  70ii5F.  00 

-2 

0.  1 306^63  IE  00 

- 1 

0.  103760  1 IE  00 

3 

0.  7665v1iaiE-0l 

1 

0.5628220i!4E>0l 

2 

0.  37S06163E-0 1 

3 

0. 228  7&326E-0 i 

4 

0.  1250070-;iE-01 

5 

0.  5953771 7E-02 

6 

0.  238823 18E-02 

7 

0.  77264720E-03 

8 

0.  19089835E-03 

9 

0.  33624985E-04 

1(9 

0.  38717661E-05 

1 1 

0.  26127663E-06 

12 

0.90046643E>06 

13 

0.  133267A/iE-09 

U 

0.68085072E- 1 2 

15 

0.9121030/JE-15 

16 

0.2266489^E-18 

1 7 

0.6a9500l8E-23 

18 

0* 

19 

0. 

20 

0. 

Table  n-II.  V^j  Ratio:  1.5 


SNR(  DB) 

PROB.  (DECISION 

ERROR) 

• 10 

0.31695SI0K  03 

-5 

0.29659  7 14E  33 

-a 

0.27452k)55E  30 

-7 

0.25079 10 7E  33 

-6 

0.22556605E  00 

-S 

0. 19912687E  00 

-A 

0. 17190669E  00 

-3 

0. 14451470E  00 

-2 

0. 1 1 775538E  00 

- 1 

0.92684350E-01 

0 

0. 70331056E-01 

1 

0.51224472E-01 

2 

0. 35628657E-01 

3 

0.23535345E-01 

4 

0. 1467738SE-01 

5 

0.85859202E-02 

0. 46787553E-02 

7 

a. 23575696E-32 

3 

0. iaa?3442E-02 

9 

a.45834744E-03 

10 

0. 17382537E-03 

1 1 

a. 58394084E-04 

12 

0. 17653022E-04 

13 

0.46332122E-05 

14 

0. 10529626E-05 

15 

0. 20386559E-06 

16 

0. 321 23033E-07 

1 7 

0. 39647746E-08 

13 

0. 370S9568E-09 

19 

0. 25264520E- 10 

20 

0. 12033329E- 1 1 

21 

0. 33 1 333 19E-  1 3 

22 

0. 76362554E- 1 5 

23 

0.89652090E- 1 7 

24 

0.53120504E- 19 

25 

0. 19086781E-21 

26 

0. 

27 

0. 

28 

0. 

29 

0. 

30 

a. 
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Table  D-III.  Ratio:  1.75 


!?Mn<Db)  PnOb.  (DLCl  SIO'J  EPPOP) 

-10  0.3fl2ft333?i:  00 

-9  0. 23  1 00 

-8  0.2S80I998E  00 

-7  0.23340565E  00 

“6  0.20757?25E  00 

-5  0. 130951 75E  00 


-a  0. 1S4I55S5E  00 
-3  0. 128093132  00 

-2  0. 103900622  00 

-1  0.821521 18E-2I 

0 0.63187756E-31 


1 0.4171 78962E-01 

2 0.3A1225447E-01 

3 0.23355239E-01 

4 0. 16036050E-01 

5 0. 10440522E-01 


6 0.65083509E-02 

7 0.38397684E-02 

8 0.22240427E-02 

9 0. 121441 70E-02 

10  0.63220063E-03 


11  0.31327034E-03 

12  0. 14755030E-03 

13  0.65971908E-04 

14  0. 27967585E-04 

15  0. 1 1 226244E-04 


16  0.42550943E-05 

17  0. 15041045E-05 

18  C.48352181E-06 

19  0. 13983125E-06 

20  0. 36010751E-07 


21  0.816701 19E-03 

22  0. 161 13594E-08 

23  0.  272899 12E-09 

24  0.39094187E-10 

25  0.46614963E-1 1 


26  0.45453694E-12 

27  0.35549107E-13 

28  0. 21831 166E- 14 

29  0. I0284794E- 15 

30  0. 36231 704E- 17 
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Table  D-IV.  V^j  R»t1o:  2.0 


S:.  R<  Db) 

PROS.  (DEC  I SI  OM  ERROR) 

- 10 

0.29006563E  00 

-9 

0.26773689E  00 

-a 

0.  243921 75E  00 

-7 

0.  21886861E  00 

-6 

0.  19298753E  00 

-5 

0.  1669 1210E  00 

~k 

0. 1416B034E  00 

-3 

0. 1 I306608E  00 

-2 

0.96473838E-01 

-1 

0.  77204563E-01 

0 

0.  60436992E-01 

1 

0.46231805E-01 

2 

0.34517910E-01 

3 

0.251  29662E-01 

4 

0. 17822120E-01 

5 

0. 12302490E-01 

6 

0.82596537E-02 

7 

0. 53900283E-02 

8 

0.341 710S5E-02 

9 

0.  21037924E-02 

10 

0. 12575449E-32 

1 1 

0.72977301E-03 

12 

0.41 1 17427E-03 

13 

0.22497050E-03 

14 

0. 1 1956633E-03 

15 

0.61 739644E-04 

16 

0. 30961594E-04 

1 7 

0. 15037679E-04 

18 

0.69757722E-05 

19 

0.30510818E-05 

20 

0. 12523308E-05 

21 

0.47995672E-06 

22 

0. 17082128E-06 

23 

0.56 12921SE-07 

24 

0. 16919556E-07 

25 

0.46469443E-08 

26 

0. 1 1542841E-08 

27 

0.25724988E-09 

28 

0. 50997464E- 10 

29 

0.89093784E-1 1 

30 

0. 13579441E-1 1 
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Table  D-V.  V^j  Ratio:  2.25 


^NrUDtO 

PnOD.  ( DECI  SIO.'J  EPROP) 

- 10 

0.28253403F.  00 

-9 

0.25976073E  00 

-8 

0.  23561 726E  00 

-7 

0.2I042645E  00 

0.  13470722E  00 

-5 

0.  15935024E  00 

-4 

0. 13S25016E  00 

0.  1 1283510E  00 

-2 

0.92437867E-01 

-1 

0.  7429  2963E-01 

0 

0.58S26124E-01 

1 

0.45153620E-01 

2 

0.34091 I20E-01 

3 

0. 251 70656E-01 

4 

0. 181631 10E-01 

5 

0. 12802916E-01 

6 

0.88120533E-02 

7 

0.S9207215E-e  , 

8 

0.  38827162E-02 

9 

0. 24351445E-02 

10 

0. 1S526582E-02 

1 1 

0.94715962E-03 

12 

0.56437198E-03 

13 

0.32864512E-03 

14 

0. 18713783E-03 

15 

0. 10425434E-03 

16 

0.56829900E-04 

1 7 

0. 30270409E-04 

18 

0.  15627846E-04 

19 

0. 77089834E-05 

20 

e. 36l 77069E-05 

21 

0. \6092781E-05 

22 

0.67592216E-06 

23 

0.26693893E-06 

24 

0.98679028E-07 

25 

0. 33981246E-07 

26 

0. 10544388E-07 

27 

0. 31893778E-08 

28 

0.85930702E-O9 

29 

0. 21074033E-09 

30 

0.46721  148E-  10 

Table  D-VI.  V^,  Ratio:  2.50 


S;JR<DB) 

PPOE.  (DEC!  51  Ow  ERROR) 

- l(?l 

0.  2722769  IE  00 

0. 249025 12E  00 

-8 

0.22463313E  00 

-7 

0.19956653E  00 

-6 

0. 17467270E  00 

-5 

0. 15073336E  03 

-4 

0. 12316049E  00 

-3 

0. 10727140E  00 

-P. 

0. 883279 24E-01 

- 1 

0.71499281E-01 

0 

0.56862313E-01 

1 

0.44404268E-0 1 

2 

0. 34032362E-0 1 

3 

0. 25588950E-0 1 

4 

0. 18870042E-0 1 

5 

0.  13644634E-0  1 

6 

0.96733789E-02 

7 

0.67239330E-02 

3 

0.45830640E-02 

9 

0.30639677E-02 

10 

0.20098886E-02 

1 1 

0. 12943021E-02 

i2 

0.81671996E-03 

13 

0.50905967E-03 

14 

0.31 134372E-03 

15 

0. 1874 1 345E-03 

1 6 

0. 1 1 104589E-03 

1 7 

0.64680338E-04 

18 

0.36768939E-04 

19 

0. 20162792E-04 

20 

0. 10631660E-04 

2 1 

0.53763393E-05 

22 

0.26000590E-05 

23 

0. 1 1989004E-05 

24 

0.52539914E-06 

25 

0.21307680E-06 

26 

0.85418023E-07 

27 

0.31448947E-07 

28 

0. 10838280E-07 

29 

0. 348072I0E-08 

30 

0. 1 0367085E-08 
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Tablr  D-VII.  V^j  Ratio.  2.75 


SfJ'^(DD) 

PPOB.  (DECI  SI  ON  EPPOP) 

- 1(3 

0.26253339E  00 

-9 

0.2389n395E  00 

-3 

0. 214/i7^Jd3E  0 0 

-7 

0.  18988833E  00 

-6 

0. 1 6598 1 5 IE  00 

-5 

0.  14315294E  00 

0.  121739  75E  00 

-3 

0* 10202008E  00 

-2 

0.84199i^0/jE-0  1 

- 1 

0.  68402933E-01 

0 

0. 5467A250E-0 1 

1 

0. 429 79520E-0 1 

2 

0.  3321  79S7E-0  1 

3 

0. 25235772E-01 

4 

0. 13842204E-01 

5 

0.  13826U9E-01 

6 

0. 9971 2322E-02 

( 

0.  70688  723E-02 

3 

0. 49274964E-02 

9 

0.3378  631  7E”02 

10 

0. 22799759E-02 

1 1 

0. 15151007E-02 

12 

0.99215285E-03 

13 

0. 64071374E-03 

U 

0. 40832906E-03 

15 

0. 25695467E-03 

16 

0. 1596621 7E-03 

1 7 

0.9780985SE-04 

13 

0. 53633614E-04 

19 

0. 34067495E-04 

20 

0. 19140233E-04 

21 

0. 103761 52E-04 

22 

0. 54152127E-05 

23 

0.P7141 168E-05 

2^ 

0. 13030187E-05 

25 

0.59756337E-06 

26 

0. 26100780E-06 

27 

0. 10824324E-06 

28 

0. 42479573E-07 

29 

0. 15719978E-07 

30 

0. 54648 280E-08 
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Table  D-VIII.  V^,  Ratio:  3.0 


SNP(DB)  PROD.  < DEC  I SI  OM  EFROP) 

-10  0.25149887E  00 

-9  0.22766873E  00 

-8  0.20347283E  00 

-7  0.  17971866E  00 

-6  0.  15680791E  00 

-5  0. 135075A9E  00 


-4  0.11481010E  00 

-3  0.962407UE-0! 

-2  0.  795271  79E-01 

-1  0. 64755699E-01 

0 0.51939985E-01 


1 0.41027403E-0 1 

2 0. 31909080E-01 

3 0.24433154E-01 

4 0. 18419090E-01 

5 0. 13671594E-01 


6 0.99933256E-02 

7 0. 71956538E-02 

8 0. 51058407E-02 

9 0.35720577E-02 

10  0.24653384E-02 


11  0. 16797352E-02 

12  0.  H306577E-02 

13  0. 75245010E-?3 

14  0.49543168E-03 

15  0. 32288382E-03 


16  0. 20825923E-03 

17  0. 13268083E-03 

13  0.82816007E-04 

19  0.50279829E-04 

20  0. 29640665E-04 


21  0. 1693629 lE-04 

22  0.9361 7683E-05 

23  0.49960719E-05 

24  0. 256861 15E-05 

25  0. 12693364E-05 


26  0.60146791E-06 

27  0. 27257682E-06 

28  0. 1 1732045E-06 

29  0. 48433856E-07 

30  0. 188771 72E-07 


I 

1 


1 

\ 


\ 
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Table  D-IX 


Vji  Ratio:  3.25 


SNnCDB) 

PROB.  (DECI  SION  ERROR) 

- 10 

0.24087564E  00 

-9 

0.21722449E  00 

-8 

0.  19379551E  00 

-7 

0. I 7098379E  00 

-6 

0. 1491 1409E  00 

-5 

0. 12847728E  00 

-4 

0. 10931667E  00 

-3 

0.918181  27E-01 

-2 

0. 76103735E-01 

-1 

0. 62229802E-0 ! 

0 

0.50189621E-01 

1 

0.  39920  1 29E-0  1 

2 

0.3131 1461E-01 

3 

0.24219016E-01 

4 

0. 18475659E-01 

5 

0. 13903366E-01 

6 

0.  10323770E-0  1 

7 

0. 75670664E-02 

8 

0. 54775945E-02 

9 

0.391S1  174E-02 

10 

0.2771 1898E-02 

1 1 

0. 19394235E-02 

12 

0. 13440885E-02 

13 

0.92310856E-03 

14 

0.62868250E-03 

15 

0.42473650E-03 

16 

0. 284559 19E-03 

17 

0. 18864050E-03 

18 

0. 1 22729 19E-03 

19 

0. 77948378E-04 

20 

0.48263128E-04 

21 

0. 29088727E-04 

22 

0. 1 703961 7E-04 

23 

0.96850773E-05 

24 

0.53320553E-05 

25 

0. 28381 1 208-05 

26 

0. 14576581E-05 

27 

0. 72089280E-06 

28 

0. 34254610E-06 

29 

0. 15602316E-06 

30 

0. 67953101E-07 
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Table  D-X 


Vjj  Ratio:  3.50 


SNP.(DB) 

PRO B.  (DEC I SI  OM  ERROR) 

- 10 

0.23030567E  00 

-9 

0. 20721 205E  00 

-3 

0.  18453708E  00 

-7 

0.  1 6259501E  00 

-6 

0. 141676I0E  00 

-5 

0.12203354E  00 

-A 

0.  10387252E  00 

*3 

0.87343244E-0  1 

-2 

0.  72536757E-01 

-1 

0. 59484B77E-01 

0 

0. 48164044E-01 

1 

0.  38502295E-0  1 

2 

0.30388317E-01 

3 

0. 23682667E-0 1 

H 

0. 18228225E-01 

5 

0. 13860138E-01 

6 

0. <0ftl4890E-0I 

7 

0. 77376386E-02 

8 

0.56866129E-02 

9 

0.41368086E-02 

10 

0. 29808062E-02 

1 1 

0. 21290169E-02 

12 

0. 15084456E-02 

13 

0. 10609461E-02 

1 4 

0.  741 1 7I32E-03 

15 

0.51439415E-03 

16 

0. 354471 22E-03 

17 

0.24184592E-03 

18 

0. 16203188E-03 

19 

0. 10624545E-03 

20 

0. 68 100330E-04 

21 

0.42615602E-04 

22 

0. 26000929E-04 

23 

0. 15445343E-04 

24 

0.89196471E-05 

25 

0.4999831 lE-05 

26 

0. 27158023E-05 

27 

0. 14269630E-05 

26 

0. 72392319E-06 

29 

0. 35390384E-06 

30 

0. 16637598E-06 

326 


k 


Table  D-XI.  V^i  Ratio:  3.75 


s;'Jn<DB) 

P90B.  (DECI  SIOM  EPPOR) 

-10 

0*21 182406E  00 

-9 

0.  16961944E  00 

-8 

0. 16806022E  00 

-7 

0. 14742006E  00 

-6 

0.  12794084E  00 

-5 

0.  109822S3E  00 

-4 

0.9321 6665E-01 

“3 

0.78222194E-01 

-2 

0.64884412E-01 

- 1 

0.53197547E-01 

0 

0.431 10183E-01 

1 

0.34532558E-01 

2 

0. 27346137E-01 

3 

0.21412985E-01 

4 

0.  16584432E-0 1 

5 

0. 1270928 lE-01 

6 

0.96414352E-02 

7 

0. 7244 1 1 39E-02 

8 

0.53940796E-02 

9 

0. 39830529E-02 

10 

0.29187227E-02 

1 1 

0. 21 240028E-02 

12 

0. 15360I61E-02 

13 

0. 1 1044768E-02 

14 

0. 789869 19E-03 

15 

0. 56161049E-03 

16 

0. 39625078E-03 

17 

0.27560555E-03 

18 

0. 18810395E-03 

19 

0. 12585338E-03 

20 

0.82456365£'04 

21 

0.  52842775E-04 

22 

0.  33085064E-04 

23 

0. 2021 2395E-04 

24 

0. 12032825E-04 

25 

0. 69706652E-05 

26 

0.39237158E-05 

27 

0.21427018E-05 

28 

0. 1 1333250E-05 

29 

0.57959425E-06 

30 

0. 28607346E-06 

Table  D-XII.  V^,  Ratio:  4.0 


SNn(DB) 

pnOB.  (DEC15I0:j  EHROP) 

- na 

0.  204437211'.  00 

-9 

0.  18280370E  00 

-8 

0.  16188843E  00 

-7 

0.  14  194 1 66E  00 

-6 

0.  123 18032E  00 

-5 

0.  10577956E  00 

-4 

0.39868209E-01 

-3 

0. 75525407E-01 

-2 

0. 62780771E-01 

-1 

0.51617610E-01 

0 

0.  41978432E-01 

1 

0.33771950E-01 

2 

0. 26382489E-01 

3 

0.211 77397E-01 

4 

0. 16517314E-01 

5 

0.  12758900E-0  1 

6 

0.97661 189E-02 

7 

0. 741 13094E-02 

8 

0.55796623E-02 

9 

0.41 700461E-02 

10 

0. 30959359E-02 

1 1 

0.22848603E-02 

12 

0. 16772952E-0P 

13 

0. 12252720E-02 

14 

0.89076689E-03 

15 

0. 6440 258 3E- 03 

16 

0. 461 74725E-03 

17 

0. 32600 136E-03 

13 

0.2261 1926E-03 

19 

0. 15394102E-03 

20 

0. 10276459E-03 

21 

0.67197941E-04 

22 

0.42995047E-04 

23 

0.26886374E-04 

24 

0. 1641 2393E-04 

25 

0.97675023E-05 

26 

0. 56595742E-05 

27 

0.31882884E-05 

23 

0. 17436419E-05 

29 

0.92427293E-06 

30 

0.47409655E-06 
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Table  D-XIII.  Ratio:  5.0 


SNnCDL) 

PnOB.  C DECl  SI  OM  EPPOP) 

- 10 

0.  16356092E  00 

-9 

3. 1A960052E  00 

-a 

0. 13163860E  00 

-7 

0. 1 1A82723E  00 

-6 

0.99283920E-0  1 

-5 

0.8B087736E-01 

-A 

0.  72279303E-0  1 

-3 

0.608621CAi;-01 

-2 

0. 50305961E-0  1 

- 1 

0. A2052056E-01 

0 

0. 3A520056E-0 1 

1 

■?»281  12586E-01 

2 

0. 22720A97E-01 

3 

0. 18230375E-31 

A 

0. 1A530202E-01 

5 

0. 1 1508758E-01 

6 

0.906388A0E-02 

7 

0. 71019635E-02 

8 

0.S53933A2E-02 

9 

0.A3030139E-02 

10 

0. 33303957E-02 

1 1 

0.25686571E-02 

12 

0« 19737383E-02 

13 

0. 1509 1677E-02 

1 A 

0. 1 1A36662E-02 

15 

0.85520171E-03 

16 

0. 630510A5E-03 

1 7 

0. A5799595E-03 

18 

0. 3275306AE-03 

19 

0. 230A208AE-03 

20 

0. 15933526E-03 

21 

0. 10820AA0E-03 

22 

0. 7209806AE-0A 

23 

0. A7090 190E-0A 

2A 

0.  301  18015E-0.* 

25 

0. 188A2972E-0A 

26 

0. 1 151898AE-0A 

27 

0. 6872A230E-05 

28 

0. 399668 13E-05 

29 

0. 22626563E-05 

30 

0. 12A52973E-05 
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Table  D-XIV.  V^j  Ratio:  6.0 


SNn(DB)  pnOB.  CDECinON  EPPOP) 


- lU 

0.  13750253F.  00 

-9 

0. 12131420E  00  ■ 

-•8 

0.  10623860F.  00 

• 1 

0.92349312E-01 

-6 

3. 79688674E-01 

-S 

0.68268946E-01 

-4 

0.58073243E-01 

-3 

0. 49061980E-0  1 

-2 

0.411 76673E-01 

- 1 

0.  34342540E-0  1 

13 

0.  28472330E-01 

1 

0.  23476564E-01 

2 

0.  19258493E-01 

3 

0. 15725616E-01 

U 

0. 12787603E-01 

5 

0. 10360590E-01 

6 

0. 83673297E-02 

7 

0. 67334465E-02 

8 

0.541 26640E-02 

9 

0.4336468SE-31? 

10 

0. 34636699E-02 

1 1 

0. 275398 1 lE-02 

12 

0. 21 705 1 78E-02 

13 

0. 16918640E-02 

U 

0. 13035796E-02 

15 

0.99228980E-03 

16 

0. 745788 16E-03 

1 7 

0. 55309907E-03 

18 

0. 40450350E-03 

19 

0.29152368E-03 

20 

0. 20690600E-03 

21 

0. 14450267E-03 

22 

0.99232006E-04 

23 

0. 66949338E-04 

24 

0.44339 162E-04 

25 

0. 28799494E-04 

26 

0.  18328582E-04 

27 

0. 1 141 7986E-04 

28 

0. 695529  70E-05 

29 

0.41384 159E-05 

30 

0. 24024 143E-05 
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Table  D-XV.  Ratio:  7.0 


a\jn(DB) 

pro B.  (DFXI  SION  EPPOP) 

- 10 

0.  1 1665219E  00 

-9 

0.  10264578E  00 

-8 

0.89745980E-01 

-7 

0.  77978252E-01 

-6 

0.67342090E-01 

-5 

0.S7814746E-01 

-4 

0.  49357050E-0  1 

-3 

0.41913723E-01 

-2 

0. 3541531 7E-01 

-I 

0.  29  78  7035E-01 

0 

0. 24948 19 lE-0 1 

1 

0. 208 16663E-01 

2 

0. 1731 1345E-01 

3 

0. 14354666E«01 

4 . 

0. 1 1873203E-01 

5 

0.97994809E-02 

6 

0.807229 1 7E-02 

7 

0. 66368976E-02 

3 

0. 5444573 7E-02 

9 

0.445 19549E-02 

10 

0.36172712E-02 

1 1 

0.29122458E-02 

12 

0.2322121 7E-02 

13 

0.  18329896E-02 

14 

0. 1431 7000£>02 

15 

0. 1 1059384E-02 

16 

0.844569 15E-03 

1 7 

0. 63719877E-03 

18 

0.47470953E-03 

19 

0.34901251E-03 

20 

0.25307467E-03 

21 

0. 18087281E-03 

22 

0. 12732793E-03 

23 

0.83225702E-04 

24 

0.60126840E-04 

25 

0.40272542E-04 

26 

0. 26489083E-04 

27 

0. 17095242E-04 

28 

0. 10815580E-04 

29  ■ 

0.6701 7525E-05 

30 

0.406321 I5E-05 
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Table  D-XVI.  Ratio:  8.0 


S;\jn(DD) 

pn03.  (DECl  SIO:M  EPROP) 

-10 

0.9360 I451E-01 

-9 

0.32039003E-01 

-3 

0. 71 6 173 71 E- 01 

-7 

0.621  706l6E-'0l 

-6 

0.53715734E-01 

-5 

0.46207233E-01 

-4 

0.3958564SE-01 

-3 

0. 3373763 '^E-01 

-2 

0.  2874292iE-31 

- 1 

0.24330037E-01 

0 

0.20627019E-01 

1 

0. 1 7414541E-01 

2 

0. 14676027E-01 

3 

0. 1 2349397E-0 1 

4 

0. 10377S23E-01 

5 

0.S7084003E-02 

6 

0.  72947697E-02 

7 

0.60932333E-02 

3 

0.50593076E-02 

9 

0.41636221E-02 

10 

0.34062031E-02 

1 1 

0.27593796E-02 

12 

0. 22153975E-02 

13 

0. 1 7620576E-02 

14 

0. 13873356E-02 

15 

0. 10819735E-02 

16 

0.33457730E-03 

1 7 

0.63661631E-03 

18 

0.47999730E-03 

19 

0.35754168E-03 

20 

0.  262971  19E-03 

21 

0. 19037083E-03 

22 

0. 13663638E-03 

23 

0.96409959E-04 

24 

0.6700821 2E-04 

25 

0.458451 71E-04 

26 

0. 30854225E-04 

27 

0. 2041 1407E-04 

28 

0. 13262832E-04 

29 

0.34577954E-05 

30 

0.52889860E-05 

Tabl^  D-XVII.  Vjj  R.t1o:  9.0 


SMRCDD) 

PROB.  <DEC1SI0:>1  ERROR) 

-10 

0.  7769 1 256E-0 1 

-9 

0. 68084263E-0 1 

-8 

0.  5941  7370F,*-0  1 

-7 

0. 5165490 lE-0 1 

-6 

0.44748161E-01 

-5 

0.38641055E-01 

0.33274310E-01 

-3 

0.28582689E-01 

-2 

0. 245026  73E-0 1 

-1 

0. 20969734E-0 1 

0 

0. 1 7922151E-3 1 

1 

0. 15301531E-01 

2 

0. 13053106E-01 

3 

0. 1 1 126233E-01 

4 

0.94746671E-02 

5 

0.80556947E-02 

6 

0.68273836E-02 

7 

0. 57507599E-O2 

8 

0.481061 12E-02 

9 

0. 39953630E-02 

10 

0. 32935521E-02 

1 1 

0. 26939591E-02 

12 

0.  21857260E-02 

13 

0.  17584616E-02 

U 

0. 14023306E-02 

15 

0. 11081 276E-02 

16 

0.86733255E-33 

1 7 

0. 672149 1 7E-03 

18 

0. 51552539E-03 

19 

0. 39 1 15728E-03 

20 

0. 2934771 2E-03 

21 

0.21762801E-03 

22 

0. 15942648E-03 

23 

0.  1 1531601E-03 

24 

0.8231 3530E-04 

25 

0. 5795 1432E-04 

26 

0.4021 7698E-04 

27 

0.  274959 1 3E-04 

28 

0.  18507330E-04 

29 

0.  I 225629 lE-04 

30 

0.79802543E-05 

i 
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Table  D-XVIII.  Ratio:  10.0 


S^^P(DU) 

ppon.  ( DECi  siO:i  Ernop) 

- iia 

0.63893774F;  -0  1 

-0 

0.55944084E-0  1 

0.488277472-01 

-7 

0.42493661E-01 

-6 

P.  36888579E-0 1 

-5 

0.31954/143E-PI 

0.27631244E-01 

-3 

0.23359352E-01 

-2 

0.  20580774E-0 1 

-1 

0.  17739316L-01 

la 

0.  15282262E-01 

i 

0. 13I60456E-01 

2 

0. 1 1328553E-01 

3 

0.9744561  lE-02 

0.8369 1452E-02 

5 

0. 71 606224E-02 

6 

0.60905264E-02 

7 

0.51433588E-02 

8 

0.43240i65E-02 

9 

0. 36074549E-02 

10 

0.  2933  7904E-02 

1 t 

0.  2458  399  I E-02 

12 

0. 20070039E-02 

13 

0. 16257530E-02 

U 

0.  13062844E-02 

15 

0.  IC4O7793E-02 

16 

0.82200155E-03 

17 

0.64332303E-03 

13 

0.49873664E-03 

19 

0.38285660E-03 

20 

0.29090686E-03 

21 

0. 21869968E-03 

22 

0.  16260537E-03 

23 

0. 1 195 151 3E-03 

24 

0.86798698E-04 

25 

0. 62258487E-04 

26 

0.44032227E-04 

27 

0. 30795239E-04 

28 

0.21214135E-04 

29 

0. 14402764E-04 

30 

0.96314598E-05 
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Table  D-XVIX.  V^j  Ratio:  12.0 


5NPCDD) 

pnOB.< DECISION  EPnOP) 

- 10 

0.44636136E-0 1 

-9 

0. 39105339E-01 

-8 

0. 34203676E-0  1 

-7 

0.29879108E-01 

-6 

0. 2607748 lE-0  1 

-5 

0. 22747396E-0 1 

0.  19833344E-0 1 

-3 

0.  1 73024S5E-0  ! 

-2 

0. 15095100E-01 

- 1 

0.131 74  734E-0 1 

0 

0. 1 1 503036E-0 1 

1 

a. 10044730E-0 1 

2 

0. 87665749E-02 

3 

0. 7633S350E-02 

0.661 67077E-32 

5 

0. 57073'‘S  lE-02 

6 

0.4893 1 337E-02 

7 

0.413  169  721>a2 

3 

0. 35S07606E-02 

9 

0. 2993 1 600E-02 

\Z 

0. 25169 103E-02 

1 1 

0.21032543E-02 

12 

0.1741 709SE-02 

13 

0. 14351081E-02 

14 

0. 1 1 74628 lE-02 

1 5 

0.95481963E-33 

1 6 

0.770623 1 2E-03 

1 7 

0.617331 13E-03 

13 

0.49Z34250E-03 

19 

0. 3371 6366E-03 

20 

0. 30233535E-03 

21 

0. 23495233E-03 

22 

0. 18066043E-03 

23 

a. 13765554E-03 

9m 

0. 10390338E-03 

9’6 

0. 77666200E-04 

26 

0.57470423E-04 

27 

0.42083593E-04 

28 

3. 30484283E-04 

29 

0.21335674E-04 

30 

0. 15460066E-04 
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Table  D-XX.  Ratio:  14.0 


SM^(DP) 

pnOB.  ( DECi  31  o:j  EPPOn) 

■ 10 

0. 32039 1 71E-0  1 

-9 

0.28155984E-01 

-8 

0. 2473^609E-0  1 

-7 

0.  21  729467E-0  1 

0. 19095437E-01 

-5 

0.  1 679  1 0/13E-B  1 

-4 

0.  1A777038E-0  1 

-3 

0.  1 30 1 7329E-0  1 

- 2 

0.  1 U78S.'-l9E-0  1 

- 1 

0. 101300S0E-0 1 

0 

0.89/43487  lE-02 

1 

0.  73908737E-02 

2 

0.  6941 2650E-02 

3 

0. 608 18270E-02 

0. 5307105BE-02 

5 

0.  461  1 6279E-02 

5 

0. 39899397E-02 

7 

0. 34366469E-02 

8 

0. 29464494E-32 

9 

0. 2514 1 753E-32 

10 

0.21343120E-02 

1 1 

0. 18035329E-02 

12 

0. 151 57219E-02 

13 

0. 1 2669936E-02 

U 

0. 10532098E-02 

IS 

0. 87049  1 77E-03 

I 6 

0.  71522874E-03 

17 

0. 58408253E-03 

18 

0. 47398995E-03 

19 

0. 332 1 5750E-03 

20 

0. 30605867E-03 

21 

0. 243424B9E-03 

22 

0. 192231 O9E-03 

23 

0. 1 5069069E-03 

2/J 

0. 1 1 723303E-03 

25 

0.9049 1923E-04 

26 

0.  6923  7833E-0/1 

27 

0. 5261 1 370E-04 

28 

0.  39  63  61 09E- 34 

29 

0.  29551394E-04 

30 

0.  213437i33E-34 

I 


i 
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Table  D-XXI.  Vj  Ratio:  16.0 


Si'Jn(DD)  ?r;OB.  (DEC!  SION  EPRCR) 


- 10 

0.21  752190E-01 

-9 

0.  19218718E-01 

-8 

0. 16995084E-0 1 

-7 

0. 15045600E-0 1 

-6 

0. 1 3337229E-0 1 

-5 

0.  1 1839425E-0  1 

0.  105242  15E-0  1 

-3 

0.93658734E-02 

-2 

0. 83403520E-02 

- 1 

0. 74230956E-0  2 

0 

0. 65882359E-02 

1 

0.58275888E-02 

2 

0.51369 1 73E-02 

3 

0.451  1979  7E-02 

4 

0. 39485565E-02 

5 

0.  34424738E-02 

6 

0. 29896274E-02 

7 

0.  25860047E-02 

3 

0. 22277048E-02 

9 

0. 19 109567E-02 

10 

0. 16321 353E-02 

1 1 

0. 13877753E-02 

12 

0. 1 1 745847E'02 

1 3 

0.98944974E-03 

14 

0.82944612E-03 

15 

0.69 184 1 60E-03 

16 

0.57409844E>03 

1 7 

0.4733  7363E-03 

18 

0.38901 701E-03 

19 

0.31  756741E-03 

20 

0.25774716E-03 

21 

0.20795520E-03 

22 

0. 16675878E-03 

23 

0.  1 3288427E-03 

24 

0. 10520 708E-03 

25 

0.82741 077E-04 

26 

0.64627606E-04 

27 

0.50 124359E-04 

28 

0.35594408E-04 

29 

0. 2949529  7E-04 

30 

0. 22368631E-04 
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Table  D-XXII.  Vj  Ratio:  18.0 


r^igt’cnh) 

!>'  0 It.  ( Di ;c  I f I o:j  f. r'ro  d 

( 

- 1 ^5 

0.  15  299  )3i5F- 01  ! 

-9 

0.  1 3633A2f.i>0  I \ 

-f'-( 

0.  1216ri80/JF-01 

- 7 

0.  10H80233E-01  1 

-6 

0.97AA2063E-02  t! 

-5 

0. 373833  96I-. -02 

-A 

0. 78A37585F-02 

-3 

•3.  703699  00F-02 

-2 

0. 629723A3C.-02  1 

- 1 

0.5619 1 107E- 02 

0 

0. A999 I 603E-02  I 

1 

0.  AA3A  1 23'’E-0  2 1 

2 

0.  3'y207278E-02 

3 

0.  3A557065E-02  ' 

A 

0. 30358650E-02  | 

S 

0. 2658063  lE-02  | 

1 

6 

0.  23  1 92602F.-02 

7 

3. 20 1 6A76AE-02 

3 

0.  1 7A68  5A2E-.5  2 

9 

0.  15;>76A27E-02  ; 

- 

10 

0.  129621  1 2E-02  j 

1 1 

0. 1 1 100559E-02 

12 

0. 9A680506r,-03 

53 

0.33A223A3E-03 

► 

i H 

0.  63021  A27E-03 

1 S 

0. 57262083E-03 

Table  D-XXIII.  V^j  Ratio-.  20.0 


SN  P,(  Db) 

pro D.  ( dl:c I r i on  e ppo ) 

- 1 d 

0.  1 ' 2.37(S86E-b  1 

0.  101  1 5 25  IK- 0 I 

-3 

0.  ? 1 2 1 5/)l  7J:-02 

-7 

0.  823  79  725E-02 

-6 

0.  7A/166709K-02 

3.  67276775E-02 

~U 

0.  606/4  1 1 73E-02 

-3 

0.  5/45239A6E-02 

-2 

0. a3393796E“02 

-1 

0. A3739A73E-02 

0. 390 1 98S7E-02 

1 

0. 3A71 A229E-32 

2 

0.  3079  7068E-02 

3 

0.  272/43A/4/4E-02 

A 

0.  2A023976E-02 

5 

0. 21 1 29936E-02 

6 

0. 18523328E-02 

7 

0. 161 8695BE-32 

3 

0. IA099A9AE-02 

9 

0.  122A05  1 AE-02 

10 

0. 1059055AE-02 

1 1 

0.9131 1326E-03 

12 

0. 78AA780 lE-03 

13 

0. 6715051 3E-03 

1/4 

0. 572653 1 3E-03 

1 S 

0. A86A83A3E-03 

16 

0.A1 1659A3E-03 

1 7 

0.  3A69AAA2F.-0  3 

18 

0. 29 1 1996SE-03 

19 

0.  2A338  1 39E-03 

20 

0. 20253701E-03 

21 

0. 167501 59E-03 

22 

3. 13839335E-03 

23 

0. 1 1 360922E-03 

2/1 

0.923200 1 6E-0A 

25 

■0.  75A65527E-0A 

26 

0. 61  0/19558E-0A 

27 

0.A9 13A097E-0A 

28 

0.  39338332E-0A 

29 

0. 31  326V0  70E-0A 

30 

0.2A3085  !3L'-0A 
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